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Abstract. The direct detection of gravitational waves from binary mergers has been hailed as
the discovery of the century. In the light of recent evidence on the existence of gravitational
waves, it is now possible to extract features about matter under extreme conditions and
properties of different dynamical spacetimes. In LIGO, gravitational waves were detected
using laser interferometry by measuring the spacetime distortion between the hanging and
stationary mirrors when the gravitational waves passed by. A number of alternate ways
of detecting gravitational waves through electromagnetic counterparts have been suggested.
Here, we characterize the interaction between photons and gravitons, quantas of gravitational
waves in low-energy theories of gravity, through an effective action of interacting photon
degrees of freedom. This could open an alternate possibility to extract information from
astrophysical objects indirectly.a
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1 Introduction
Existence of gravitation waves is one of the most important features of Einstein’s theory of
General relativity (GR) and was first predicted by Einstein. Discovery of gravitational waves
can be seen as a test to verify GR and also put constraints on alternate theories of gravity.
Its discovery after a hiatus of almost a century from its theoretical prediction is because of
the extreme sensitivities of the measurements involved. LIGO confirmed the first detection
[1–6] through laser optical interferometry which is very useful for probing signals that are
significant at the level of atomic scale.
Among the four fundamental interactions in nature, the electromagnetic and gravita-
tional interactions are long-ranged and mediated by a spin-1 massless photon and a spin-2
massless graviton, respectively. Gravity becomes as strong as the other forces at the Planck
scale, hence, understanding the gravitational interactions at the quantum level is believed to
be crucial for a consistent description of the birth and evolution of the Universe according to
the Big Bang theory.
The success of LIGO in detecting gravitational waves motivated suggestions for utilizing
optical measurement techniques which would incur lesser expense [7–10, 10–15]. To make op-
tical measurements a knowledge of interaction of gravitational waves (GW) with light would
be required. This question has been first attempted in [16, 17] where different scattering
processes between gravitons and photons were studied [18, 19]. However, the problem with
measuring such scattering amplitudes or cross-section is that their numerical values are ex-
tremely small. Measurement of a single graviton is difficult with current technologies [20],
[21]. Nevertheless, it can capture useful physical information of spacetime which could be
probed through weak measurement techniques, as will be shown in this article.
Here we show how certain features of graviton-photon interactions can be accessed
through optical measurements that indirectly confirm features of spacetime carried by gravitat-
ional waves. Throughout our discussion we will also comment on massive gravity theory which
is an alternate theory of GR, motivated for solving the problem of Dark Energy and current
accelerated expansion of universe, among others. In massive gravity theory [22, 23, 23] (which
are also ghost-free [24]), infrared (IR) region of GR is modified by the addition of a mass term
leading to gravitons becoming massive and spin-2.
The extremely small numerical values of scattering amplitudes of the graviton-photon
interactions would suggest that a tool to amplify the signals involved would be very welcome.
Such a scenario is facilitated by recent developments in the field of quantum optics, in partic-
ular the weak measurement technique [25–31]. Weak measurements is the name coined to a
measurement scenario in quantum mechanics, wherein the empirically measured value (called
the weak value) of an observable can yield results beyond the eigenvalue spectrum of the
measured observable. This has lead to a number of interesting developments including weak
value amplification, of relevance to the present work, which could be useful for enhancing the
sensitivity of specific detection schemes.
We briefly discuss the weak field limit of general relativity, followed by the Fierz-Pauli ac-
tion of massive gravity and Stueckelberg’s technique for restoring gauge symmetry to massive
gravity action. This sets the scene for the construction of an effective action for interact-
ing photons in a non-perturbative manner that takes into account the interactions between
photons and gravitons. This is followed by some non-trivial features of on-shell equations
obtained from the minimization of the effective action. A few scattering amplitudes are next
computed between photonic states and it is shown that through weak measurement protocol
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these amplitudes can be amplified. Finally, 1-loop quantum corrections are taken into ac-
count in order to write quantum effective action for the interacting photons, explicitly at the
quadratic level. Further, effective interacting vertices at the quantum level between photons
are obtained.
2 Weak field limit of General Relativity
2.1 Free-field theory of massless gravitons
GR can be derived from Einstein-Hilbert action, invariant under the symmetry group of
diffeomorphisms:
d4x′ =
∣∣∣∂x′
∂x
∣∣∣d4x
g′µν(x
′) = gρσ(x)
∂xρ
∂x′µ
∂xσ
∂x′ν
=⇒
√
−g′(x′) =
∣∣∣ ∂x
∂x′
∣∣∣√−g(x).
(2.1)
When we focus on a linearized theory, gµν can be thought of as associated with a massless
spin-2 particle in a Minkowski background, in accordance with Wigner’s classification of rela-
tivistic particle representations of the Poincare group. Therefore, an analysis of the linearized
diffeomorphism invariant theory of gravity is equivalent to discuss the properties of a massless
spin-2 particle.
The linearized version of symmetry group can be obtained by looking at infinitesimal
coordinate transformations leading to,
g′µν(x) = gµν(x)− ξρ∂ρgµν(x)− gρν∂µξρ − gρµ∂νξρ +O(ξ2). (2.2)
If hµν is denoted as a first order correction to the metric gµν = ηµν +hµν , then hµν transforms
under coordinate transformations as
h′µν(x) = hµν(x)− ∂µξν − ∂νξµ +O(ξ2), (2.3)
with just the first order expansion term and the higher order terms being neglected. Therefore,
under the following transformation,
hµν → hµν + ∂µξν + ∂νξµ, (2.4)
the Einstein-Hilbert action in its linearized form must be invariant.
The Einstein-Hilbert action is:
SEH =
1
κ2
∫
R[g]√−gd4x, (2.5)
where κ is a dimension full quantity which is mass−2 in unit of ~ = c = 1.
Note that √−g = 1 + 1
2
hαα +O(h2), (2.6)
while the first order term in Christoffel symbols are
Γρσµ =
1
2
(∂σh
ρ
µ + ∂µh
ρ
σ − ∂ρhµσ). (2.7)
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The Ricci tensor Rµν is, thus,
Rµν =
(
∂ρΓ
ρ
µν − ∂µΓρρν
)
=
1
2
(∂ρ∂µh
ρ
ν + ∂ρ∂νh
ρ
µ −2hµν − ∂µ∂νh).
(2.8)
Using the fact gµν = ηµν − hµν , we have following expression
√−gR[g] =
(
1 +
1
2
h
)
(ηµ − hµν)1
2
(∂ρ∂µh
ρ
ν + ∂ρ∂νh
ρ
µ −2hµν − ∂µ∂νh)
= −1
2
hµν(∂ρ∂νh
ρ
µ + ∂µ∂
ρhρν −2hµν − ∂µ∂νh) +
(
1 +
1
2
h
)
(∂ρ∂νh
νρ −2h)
≈ −1
2
hµν(∂ρ∂νh
ρ
µ + ∂µ∂
ρhρν −2hµν − ∂µ∂νh) + 1
2
h(∂ρ∂νh
νρ −2h)
= −hµσ∂σ∂νhµν + h∂µ∂νhµν +
1
2
hµν2h
µν − 1
2
h2h,
(2.9)
where in the third line we have neglected the total derivative terms since they contribute at
the boundary.
The weak-field action in presence of matter, considering first order correction to metric
is
SEH =
∫
d4xLEH + SM ,
LEH = −hµσ∂σ∂νhµν + h∂µ∂νhµν +
1
2
hµν2h
µν − 1
2
h2h,
(2.10)
where one can explicitly check the invariance under the transformation (2.4).
The Lagrangian can be recast as
LEH = 1
2
hµνOµνρσhρσ
Oµνρσ =
(
1
2
ηµρηνσ +
1
2
ηµσηνρ − ηµνηρσ
)
2+ ηµν∂ρ∂σ + ηρσ∂µ∂ν
− 1
2
(ηνρ∂µ∂σ + ηνσ∂µ∂ρ + ηµρ∂ν∂σ + ηµσ∂ν∂ρ),
(2.11)
where it satisfies the following symmetries
Oµνρσ = Oνµρσ = Oµνσρ = Oρσµν . (2.12)
The corresponding equation of motion becomes
Oµνρσhρσ = 8piGTµν , (2.13)
which implies ∂µOµνρσ = 0. Therefore, in momentum space the operator Oµνρσ is not invert-
ible and hence, we can’t have a corresponding Green’s function. But that is expected because
this is a gauge invariant theory and the gauge has not yet been fixed which will be done next.
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2.2 Gauge-fixing
We introduce the following gauge fixing term, de Donder gauge [23],
LGF = − 1
α
(∂ρh
ρ
µ −
1
2
∂µh)(∂σh
µσ − 1
2
∂µh), (2.14)
where α is known as gauge parameter.
With this new term the weak field lagrangian density becomes
L¯EH = LEH + LGF ,
LGF = 1
2
hµνOµνρσGF hρσ,
where OµνρσGF =
1
α
(
2ηµρ∂ν∂σ − ηρσ∂µ∂ν − ηµν∂ρ∂σ + 1
2
ηµνηρσ2
)
,
=⇒ L¯EH = 1
2
hµν(O +OGF )µνρσhρσ.
(2.15)
Define
O˜ = O +OGF
=⇒ O˜µνρσ =
(
1
2
ηµρηνσ +
1
2
ηµσηνρ −
(
1− 1
2α
)
ηµνηρσ
)
2+
(
1− 1
α
)
(ηµν∂ρ∂σ + ηρσ∂µ∂ν)
+
1
2
(
1
α
− 1
)
(ηνρ∂µ∂σ + ηνσ∂µ∂ρ + ηµρ∂ν∂σ + ηµσ∂ν∂ρ).
(2.16)
Therefore, after choosing Feynman gauge α = 1, in momentum space the Green’s function
takes the following form
ΠGR,µνρσ = − 1
2k2
(ηµρηνσ + ηµσηνρ − ηµνηρσ). (2.17)
From now onwards O˜ will be denoted as O for sake of convenience. Gauge fixing could also
have been achieved using the Fadeev-Popov Ghost [32], [33] method in the path integral
formalism.
3 Massive Gravity
3.1 Free Fierz-Pauli Action
The unique action that describes a massive spin-2 particle in flat spacetime in which field is
described by a symmetric rank-2 tensor is
S =
∫
dDx
[
−1
2
∂λhµν∂
λhµν+∂µhνλ∂
νhµλ−∂µhµν∂νh+1
2
∂λh∂
λh−1
2
m2(hµνh
µν−h2)
]
, (3.1)
known as the Fierz-Pauli action [34–36]. Note that when m = 0 this becomes the linearized
Einstein-Hilbert action, invariant under the following gauge transformation
δhµν = ∂µξν + ∂νξµ. (3.2)
The above action is not gauge invariant, but will be made so by using Stucklberg’s trick [37],
[38].
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3.2 Equations of motion and degrees of freedom
From the above action, the equation of motion can be seen to be
2hµν − ∂λ∂µhλν − ∂λ∂νhλµ + ηµν∂λ∂σhλσ + ∂µ∂νh− ηµν2h = m2(hµν − ηµνh). (3.3)
The L.H.S of the above equation consists of the linearized form of the Einstein tensor Gµν =
Rµν − 12gµνR and has zero divergence. Hence by acting ∂µ on eq. (3.3), we get
m2(∂µhµν − ∂νh) = 0. (3.4)
Assuming m 6= 0 gives
∂µhµν = ∂νh. (3.5)
Plugging eqn. (3.5) into eqn. (3.3) gives us
2hµν − ∂µ∂νh = m2(hµν − ηµνh). (3.6)
Taking trace of the above equation gives us
2h−2h = −3m2h = 0 =⇒ h = 0, (3.7)
which means hµν is traceless and transverse. Further, using traceless and transverse property
of hµν we get following equation of motion
(2−m2)hµν = 0. (3.8)
The equations of motion give us 10 wave equations and 5 constraints. Therefore, in D = 4
dimension we have 5-degrees of freedom which implies that these degrees of freedom are
nothing but massive, spin-2 gravitons.
3.3 Propagator
To find the propagator of massive gravitons, we need to first write down Fierz-Pauli action
in the following form
S =
∫
d4x
1
2
hµνOµναβhαβ. (3.9)
It can be shown that
Oµναβ = (η(µαην)β − ηµνηαβ)(2−m2)− 2∂(µ∂(αην)β) + ∂µ∂νηαβ + ∂α∂βηµν . (3.10)
Therefore the propagator, denoted by Dαβ,σλ is defined in following way
Oµν,αβDαβ,σλ = i
2
(δµσδ
ν
λ + δ
ν
σδ
µ
λ). (3.11)
Then one can check that in momentum space the propagator takes the following form
Dαβ,σλ = − i
p2 +m2
[1
2
(PασPβλ + PαλPβσ)− 1
3
PαβPσλ
]
, (3.12)
where
Pαβ = ηαβ + pαpβ
m2
. (3.13)
Notice that in high energy limit i.e., large momenta, we have
Dαβ,σλ ' − 1
p2 +m2
pαpβpσpλ
m4
' − p
2
m4
, (3.14)
which implies that standard power counting rules are no longer valid and we can’t talk
about renormalizability of this theory. This is not true and can be shown explicitly using
Stueckelberg’s trick.
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4 Stueckelberg’s trick
Here we will apply the technique introduced by Stueckelberg [23, 37, 39] to sourced massive
gravity action in order to restore gauge symmetry. For the sake of simplicity, we rewrite the
Lagrangian density with the massless term written separately
S =
∫
d4x
[
Lm=0 − 1
2
m2(hµνh
µν − h2) + κhµνTµν
]
. (4.1)
Massless gravitons have gauge symmetry which is broken due to the presence of mass term in
the above action. We introduce a new auxiliary field Vµ, known as Stueckelberg field in the
same way as a gauge transformation
hµν → hµν + ∂µVν + ∂νVµ. (4.2)
Note that under this transformation Lm=0 remains invariant since, it is invariant under gauge
transformation with the same structure as eq. (3.2). However, the other terms do change and
we get
S =
∫
d4x
[
Lm=0 − 1
2
m2
[
(hµν + ∂µVν + ∂νVµ)(h
µν + ∂µV ν + ∂νV µ)− (h+ 2∂.h)2
]
+ κhµνT
µν − 2κVµ∂νTµν
]
=
∫
d4x
[
Lm=0 − 1
2
m2(hµνh
µν − h2)− 2m2(hµν∂µV ν − h∂µV µ)− 1
2
m2F¯µνF¯
µν
+ κhµνT
µν − 2κVµ∂νTµν
]
,
(4.3)
where we have analogous to the electromagnetic field strength tensor
F¯µν = ∂µVν − ∂νVµ. (4.4)
Note that the above action has the following gauge symmetry
hµν → hµν + ∂µVν + ∂νVµ, Vµ → Vµ − ξµ. (4.5)
We can fix this to Vµ = 0 and recover the original action. Therefore, both the actions (4.1)
and (4.3) are equivalent. But notice that if we try to take m = 0 limit it does not go smoothly
because one degree of freedom is lost. Hence, we need to make a similar kind of transformation
again
Vµ → Vµ + ∂µφ. (4.6)
With this transformation, the action (4.3) becomes
S =
∫
d4x
[
Lm=0 − 1
2
m2(hµνh
µν − h2)− 1
2
m2F¯µνF¯
µν − 2m2(hµν∂µV ν − h∂µV µ)
− 2m2(hµν∂µ∂νφ− h2φ) + κhµνTµν − 2κVµ∂νTµν + 2κφ∂µ∂νTµν
]
.
(4.7)
The resultant action has following two separate gauge symmetries
hµν → hµν + ∂µξν + ∂νξµ, Vµ → Vµ − ξµ;
Vµ → Vµ + ∂µΛ, φ→ φ− Λ.
(4.8)
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We can again fix the gauge φ = 0 and recover back the action in (4.3), which implies action
(4.7) is equivalent to action (4.3). Hence, with new additional fields and gauge symmetries,
the new action does the same job as the original one, (4.1).
We now make the following set of scalings
Vµ → 1
m
Vµ, φ→ φ
m2
, (4.9)
such that the action takes the following form
S =
∫
d4x
[
Lm=0 − 1
2
m2(hµνh
µν − h2)− 1
2
F¯µνF¯
µν − 2m(hµν∂µV ν − h∂µV µ)
− 2(hµν∂µ∂νφ− h2φ) + κhµνTµν − 2 κ
m
Vµ∂νT
µν + 2
κ
m2
φ∂µ∂νT
µν
]
,
(4.10)
and is equipped with the following gauge symmetries
hµν → hµν + ∂µξν + ∂νξµ, Vµ → Vµ −mξµ
Vµ → Vµ +m∂µΛ, φ→ φ−m2Λ.
(4.11)
At this point, assuming that the source is conserved, i.e., ∂µTµν = 0 and m→ 0, we get
S =
∫
d4x
[
Lm=0 − 1
2
F¯µνF¯
µν − 2(hµν∂µ∂νφ− h2φ) + κhµνTµν
]
. (4.12)
In order to count the total number degrees of freedom we now perform an infinitesimal
conformal transformation
(ηµν + hµν) = Ω(ηµν + h
′
µν)
= (1 + Π)(ηµν + h
′
µν)
= ηµν + h
′
µν + Πηµν
=⇒ hµν = h′µν + Πηµν ,
(4.13)
where Π is another scalar, therefore, this is nothing but a redefinition of the field hµν . Under
this change, the massless Lagrangian Lm=0 becomes
Lm=0[h] = Lm=0[h′]− ∂λΠ∂λh′ − 2∂λΠ∂λΠ + 2∂µΠ∂λh′µλ + ∂µΠ∂µΠ− ∂µΠ∂µh′
− 4∂µh′µν∂νΠ− 4∂µΠ∂µΠ + 4∂λΠ∂λh′ + 8∂λΠ∂λΠ + κΠT
= Lm=0[h′] + 2
[
∂µ∂
µh′ − ∂νh′µν∂µΠ + 3
2
∂µΠ∂
µΠ
]
+ κΠT,
(4.14)
and the action in (4.12) takes the following form
S =
∫
d4x
[
Lm=0[h′] + 2
[
∂µ∂
µh′ − ∂νh′µν∂µΠ + 3
2
∂µΠ∂
µΠ
]
− 1
2
F¯µνF¯
µν − 2(h′µν∂µ∂νφ− h′2φ) + 6Π2φ+ κh′µνTµν + κΠT
]
.
(4.15)
Considering Π = φ makes all coupled tensor-scalar terms cancel. Performing a couple of
integration by parts we arrive at
S =
∫
d4x
[
Lm=0[h′]− 1
4
F¯µνF¯
µν − 1
2
∂µφ
′∂µφ+ κh′µνT
µν +
1√
6
φ′T
]
, (4.16)
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with gauge symmetries
h′µν → h′µν + ∂µξν + ∂νξµ
V ′µ → V ′µ + ∂µΛ,
(4.17)
where Vµ → V ′µ =
√
2Vµ, φ→ φ′ =
√
3
2φ.
Now it is easy to count that in D = 4 dimensions, there is 1 massless graviton which
possesses 2 degrees of freedom, 1 massless vector field which also possesses 2 degrees of freedom
and 1 massless scalar, in total making 5 degrees of freedom.
If we now go back to massive action (4.10) and do the conformal transformation (4.13),
we will get the following action
S =
∫
d4x
[
Lm=0[h′]− 1
2
m2(h′µνh
′µν − h′2)− 1
2
F¯µνF¯
µν + 3φ(2+ 2m2)φ
− 2m(h′µν∂µV ν − h′∂µV µ) + 3(2mφ∂µV µ +m2h′φ) + κh′µνTµν
+ κφT − 2
m
κVµ∂νT
µν +
2
m2
κφ∂µ∂νT
µν
]
.
(4.18)
The gauge symmetries now reads
δh′µν = ∂µξν + ∂νξµ +mΛηµν , δVµ = −mξµ + ∂µΛ
δVµ = ∂µΛ, δφ = mΛ.
(4.19)
We add two gauge fixing terms to the action
SGF1 = −
∫
d4x
(
∂νh′µν −
1
2
∂µh
′ +mVµ
)2
,
SGF2 = −
∫
d4x
(
∂µV
µ +m
(
1
2
h′ + 3φ
))2
.
(4.20)
Introducing these specific gauge fixing terms make the action diagonal as
S + SGF1 + SGF2 =
∫
d4x
[1
2
h′µν(2−m2)h′µν −
1
4
h′(2−m2)h′ + Vµ(2−m2)V µ + 3φ(2−m2)φ
+ κh′µνT
µν + κφT − 2
m
κVµ∂νT
µν +
2
m2
κφ∂µ∂νT
µν
]
.
(4.21)
For transverse and traceless energy-momentum tensor, the last three terms of the above
action vanishes. This makes vector and scalar degrees of freedom completely decoupled from
interaction with matter. The propagators of h′µν , Vµ, φ in momentum space are now
− i
p2 +m2
1
2
(ηµαηνβ + ηµβηνα − ηµνηαβ),
− i
2
ηµν
p2 +m2
, − i
6(p2 +m2)
,
(4.22)
respectively. They all behave as 1
p2
for large momenta, implying that standard power counting
arguments are now applicable.
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5 Photon-Graviton interaction
5.1 Introduction
Consider a source whose stress-energy tensor T (c)µν produces gravitational waves (GW) that
travel through spacetime to asymptotically flat spacetime and interacts with a medium of
photons. Our expectation is that the interaction between photons and gravitons captures the
properties of the original source of GW.
The action for such a system would be (follows from eqs. (2.10), (2.15))
S = S
(spin−2)
m=0 + SGF + Sphoton
=
∫
d4x
[1
2
hµνOµν,αβhαβ + κhµνTµνeff −
1
4
FµνF
µν
]
=
∫
d4x
[1
2
hµνOµν,αβhαβ + κhµνT (c)µν − 1
4
FµνF
µν + κhµνT
(s=1)µν
]
,
(5.1)
where κ =
√
8piG~
c4
, Fµν = ∂µAν − ∂νAµ and T (s=1)µν is the stress-energy tensor of photons.
Therefore, the generating functional can be written as
Z[Jµν = 0] =
∫
DhµνDAµe
i
∫
d4x
[
1
2
hµνOµν,αβhαβ+κhµνT (c)µν− 14FµνFµν+κhµνT (s=1)µν
]
= N
∫
DAµe
i
∫
d4x
[
1
2
κ2(T (c)µν+T (s=1)µν)Dµναβ(T (c)αβ+T (s=1)αβ)− 14FµνFµν
]
= N e i2κ2
∫
d4xT (c)µνDµναβT (c)αβ
×
∫
DAµe
i
∫
d4x
[
− 1
4
FµνFµν+κ2T (c)µνDµναβT (s=1)αβ+κ
2
2
T (s=1)µνDµναβT (s=1)αβ
]
.
(5.2)
Therefore, by integrating out graviton degrees of freedom we get an effective action for photon
degrees of medium
S
(s=1)
eff =
∫
d4x
[
− 1
4
FµνF
µν + κ2T (c)µνDµναβT (s=1)αβ + κ
2
2
T (s=1)µνDµναβT (s=1)αβ
]
. (5.3)
As can be seen from the above equation, the 3rd piece is purely an interacting term, taking
into account the effective interaction between photons. For the time being, the interaction
term is neglected; which is justified for weak gauge fields, the action involves only quadratic
or free part and reduces to
S
(1)
eff =
∫
d4x
[
− 1
4
FµνF
µν + κ2T (c)µνDµναβT (s=1)αβ
]
, (5.4)
where (for massless gravitons)
T (s=1)µν = ηαβF
αµF βν − 1
4
ηµνFρσF
ρσ
Dµναβ = 1
22
(ηµαηνβ + ηµβηνα − ηµνηαβ).
(5.5)
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Therefore,
T (c)µνDµναβT (s=1)αβ = T (c)µν 1
22
(T (s=1)µν + T
(s=1)
µν − T (s=1)︸ ︷︷ ︸
=0
ηµν)
= T (c)µν
1
2
T (s=1)µν
= T (c)µν
1
2
(
ηαβFαµFβν − 1
4
ηµνFρσF
ρσ
)
.
(5.6)
Note that
−1
4
FµνF
µν =
1
2
(Aµ2Aνη
µν −Aµ∂µ∂νAν)
=
1
2
Aµ2Θ
µνAν
Θµν = ηµν − ∂
µ∂ν
2
.
(5.7)
Therefore,
T (c)µν
1
2
(
ηαβFαµFβν − 1
4
ηµνFρσF
ρσ
)
≡
(
1
2
T (c)µν
)[
ηαβ(∂αAµ∂βAν − ∂αAµ∂νAβ − ∂µAα∂βAν + ∂µAα∂νAβ)
− 1
4
ηµνFρσF
ρσ
]
.
(5.8)
5.2 Equations of motion
The Lagrangian density in eq. (5.4) can be written as
L = −1
2
(∂µAν∂
µAν − ∂νAµ∂µAν) + κ2
(
1
2
T (c)µν
)[
ηαβ(∂αAµ∂βAν − ∂αAµ∂νAβ
− ∂µAα∂βAν + ∂µAα∂νAβ)
]
− κ2
(
1
2
T (c)
)
1
4
FρσF
ρσ.
(5.9)
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Therefore, corresponding equations of motion are
∂ρ
∂L
∂(∂ρAσ)
=
∂L
∂Aσ
=⇒ −∂ρF ρσ + κ2∂ρ
[( 1
2
T (c)µν
)
(ηαβ∂βAνδ
ρ
αδ
σ
µ + η
αβδρβδ
σ
ν ∂αAµ − ηαβ∂νAβδραδσµ
− ηαβ∂αAµδρνδσβ − ηαβδρµδσα∂βAν − ηαβ∂µAαδρβδσν
+ ηαβδρµδ
σ
α∂νAβ + η
αβ∂µAαδ
ρ
νδ
σ
β )
]
− κ2∂ρ
(
1
2
T (c)F ρσ
)
= 0
=⇒ −∂ρF ρσ + κ2
[
∂ρ
(
1
2
T (c)σν∂ρAν
)
+ ∂ρ
(
1
2
T (c)σµ∂ρAµ
)
− ∂ρ
(
1
2
T (c)σν∂νA
ρ
)
− ∂ρ
(
1
2
T (c)µρ∂σAµ
)
− ∂ρ
(
1
2
T (c)ρν∂σAν
)
− ∂ρ
(
1
2
T (c)µσ∂µA
ρ
)
+ ∂ρ
(
1
2
T (c)ρν∂νAσ
)
+ ∂ρ
(
1
2
T (c)µρ∂µA
σ
)]
− κ2∂ρ
(
1
2
T (c)F ρσ
)
= 0
−
(
1 + κ2
1
2
T (c)
)
∂ρF
ρσ + 2κ2
[ 1
2
∂ρT
(c)σν∂ρAν +
1
2
T (c)σν2Aν − 1
2
∂ρT
(c)σν∂ν(∂.A)
− 1
2
T (c)µρ∂ρ∂
σAµ +
1
2
T (c)ρν∂ρ∂νA
σ
]
− κ2 1
2
∂ρT
(c)F ρσ = 0.
(5.10)
This can be rewritten as
−
(
1 + κ2
1
2
T (c)
)
∂ρF
ρσ − κ2 1
2
∂ρT
(c)F ρσ
+ 2κ2
[ 1
2
∂ρT
(c)σν∂ρAν +
1
2
T (c)σν2Aν − 1
2
∂ρT
(c)σν∂νA
ρ
− 1
2
T (c)σν2ωνρA
ρ︸ ︷︷ ︸− 12T (c)µρ2ωσρAµ︸ ︷︷ ︸+ 12T (c)ρν2ωρνAσ︸ ︷︷ ︸
]
= 0,
(5.11)
where
ωµν =
∂µ∂ν
2
, (5.12)
acts as a projection operator along longitudinal polarization of gauge fields.
5.3 Features of equations of motion
The terms under-marked in eqn. (5.11) show contribution of longitudinal modes of photons
in the on-shell equation. This is one of the characteristic features hidden in the equations of
motion.
The Sun of our solar system can be considered as a standard candle which acts as a source
of a medium of photons. Measurement of the longitudinal polarization of light from the Sun
would be a signature of the GW interacting with the solar medium. It should be emphasized
that, the equations of motion of photons carry the information of different properties of the
sources that is captured by the stress-energy tensor of the source, for example, for binary
mergers one can get the information such as charge, spin, angular momentum and mass of
these compact objects.
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Another important feature which would help us in putting constraints on the graviton
mass and IR domain of GR is that if we consider massive gravitons [23], the equations of
motion simply turn into
−
(
1 + κ2
1
2+m2
T (c)
)
∂ρF
ρσ − κ2 1
2−m2∂ρT
(c)F ρσ
+2κ2
[ 1
2−m2∂ρT
(c)σν∂ρAν +
1
2−m2T
(c)σν2Aν − 1
2−m2∂ρT
(c)σν∂νA
ρ
− 1
2−m2T
(c)σν2ωνρA
ρ − 1
2−m2T
(c)µρ2ωσρAµ +
1
2−m2T
(c)ρν2ωρνA
σ
]
= 0,
(5.13)
where m is the mass of gravitons which follows from the action in eqns. (5.4, 5.5, 4.21). For
photons, the stress-energy tensor satisfies the following two important conditions
∂µT
(s=1)µν = 0, T (s=1) = 0, (5.14)
which would kill the last three terms in the action, (4.21). This suggests that in the presence
of photons, vector and scalar degrees of freedom do not couple with photon degrees of freedom.
Hence, they can be essentially treated as free-fields separately. It follows that these degrees
of freedom can be integrated out without having any net effect on the effective action of
photons, obtained earlier.
Therefore, matching the data with eqn. (5.13), it would be possible to put constraint on
the mass of gravitons which in principle should be smaller than the constraint put by LIGO
and others [40–45].
5.4 Source free gravitons interact with photons and birefringence
If we now consider the source free gravitons interacting with photons, then T (c)µν = 0 in eqn.
(5.3), leading to
S
(s=1)
eff =
∫
d4x
[
− 1
4
FµνF
µν +
κ2
2
T (s=1)µνDµναβT (s=1)αβ
]
, (5.15)
where
T (s=1)µν
1
22
(ηµαηνβ + ηµβηνα − ηµνηαβ)T (s=1)αβ
= T (s=1)µν
1
2
T (s=1)µν .
(5.16)
Therefore, the effective action for photons becomes
S
(s=1)
eff =
∫
d4x
[
− 1
4
FµνF
µν +
κ2
2
T (s=1)µν
1
2
T (s=1)µν
]
. (5.17)
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Now
T (s=1)µν
1
2
T (s=1)µν
=
(
ηρσF
ρµF σν − 1
4
ηµνFρσF
ρσ
)
1
2
(
ηαβFαµFβν − 1
4
ηµνFρσF
ρσ
)
=
(
FµσF
νσ − 1
4
ηµνFρσF
ρσ
)
1
2
(
F βµ Fνβ −
1
4
ηµνFαβF
αβ
)
= FµσF
νσ 1
2
(F βµ Fνβ)− FµσF νσ
1
42
(ηµνFαβF
αβ)
− 1
4
FαβF
αβ 1
2
(FρσF
ρσ) +
1
4
FρσF
ρσ 1
2
(FαβF
αβ)
= FµσF
νσ 1
2
(F βµ Fνβ)− FµσF νσ
1
42
(ηµνFαβF
αβ),
(5.18)
which makes the action in eqn. (5.17)
S
(s=1)
eff =
∫
d4x
[
− 1
4
FµνF
µν +
κ2
2
FµσF
νσ 1
2
(F βµ Fνβ)−
κ2
2
1
4
FµνF
µν 1
2
(FαβF
αβ)
]
. (5.19)
Equations of motion would be
−∂µFµν + κ
2
2
∂µ
[(
∂
∂(∂µAν)
(F κσF
δσ)
)
1
2
(F βκ Fδβ)
]
+
κ2
2
∂µ
[
F κσF
δσ 1
2
(
∂
∂(∂µAν)
(F βκ Fδβ)
)]
− κ
2
2
∂µ
[
Fµν
1
2
(FαβF
αβ)
]
− κ
2
2
∂µ
[
FαβF
αβ 1
2
Fµν
]
= 0,
(5.20)
which leads to
−∂µFµν + κ
2
2
∂µ
[
((ηκµδνσ − δµσηκν)F δσ + F κσ(ηδµησν − ηδνησµ))
1
2
(F βκ Fδβ)
]
+
κ2
2
∂µ
[
F κσF
δσ 1
2
[(δµκη
νβ − ηµβδνκ)Fδβ + F βκ (δµδ δνβ − δµβδνδ )]
]
− κ
2
2
∂µF
µν 1
2
(FαβF
αβ)− κ
2
2
FαβF
αβ 1
2
(∂µF
µν)
− κ
2
2
Fµν
1
2
∂µ(FαβF
αβ)− κ
2
2
∂µ(FαβF
αβ)
1
2
Fµν = 0.
=⇒ −∂µFµν + κ
2
2
∂µ
[
F δν
1
2
(FµβFδβ)− F δµ 1
2
(F νβFδβ) + F
κν 1
2
(F βκ F
µ
β)− F κµ
1
2
(F βκ F
ν
β)
]
+
κ2
2
∂µ
[
FµσF
δσ 1
2
F νδ − F νσF δσ
1
2
F µδ + F
κ
σF
µσ 1
2
F νκ − F κσF νσ
1
2
F µκ
]
− κ
2
2
∂µF
µν 1
2
(FαβF
αβ)− κ
2
2
Fµν
1
2
∂µ(FαβF
αβ)
− κ
2
2
FαβF
αβ 1
2
∂µF
µν − κ
2
2
∂µ(FαβF
αβ)
1
2
Fµν = 0.
(5.21)
We can write this as
∂µF
µν = (∂µSµν)κ
2
2
≡ jνeff , (5.22)
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where
Sµν = F δν 1
2
(FµβFδβ)− F δµ 1
2
(F νβFδβ) + F
κν 1
2
(F βκ F
µ
β)− F κµ
1
2
(F βκ F
ν
β)
+ FµσF
δσ 1
2
F νδ − F νσF δσ
1
2
F µδ + F
κ
σF
µσ 1
2
F νκ − F κσF νσ
1
2
F µκ
− Fµν 1
2
(FαβFαβ)− FαβFαβ 1
2
Fµν .
(5.23)
Note that
Sµν = −Sνµ =⇒ ∂µjµeff = 0, (5.24)
which is consistent.
Now let us look at its components
S0i = F 0i 1
2
(F 0βF0β) + F
ji 1
2
(F 0βFjβ)− F j0 1
2
(F iβFjβ) + F
0i 1
2
(F β0 F
0
β)
+ F ji
1
2
(F βj F
0
β)− F j0
1
2
(F βj F
i
β) + F
0
jF
δj 1
2
F iδ − F i0F δ0
1
2
F 0δ
− F ijF δj
1
2
F 0δ + F
κ
jF
0j 1
2
F iκ − F κ0F i0
1
2
F 0κ − F κjF ij
1
2
F 0κ
+ 2F 0i
1
2
( ~E2 − ~B2) + 2( ~E2 − ~B2) 1
2
F 0i.
(5.25)
Using F 0i = Ei and F ij = ijkBk and after some algebra, it can be shown that
S0i = 2Bk 1
2
(EiBk)− 2Bk 1
2
(EkBi)− 2Ej 1
2
(EiEj)− 2Ej 1
2
(BiBj)
+ 2Ei
(
~B.
1
2
~B
)
− 2Bi
(
~E.
1
2
~B
)
− 2Ei
(
~E.
1
2
~E
)
− 3Bi
(
~B.
1
2
~E
)
+ 2( ~E2 − ~B2) 1
2
Ei.
(5.26)
This brings out the first set of modified Maxwell’s equations in presence of gravitons, which
follows from eqns. (5.22-5.26)
~∇. ~D = 0, ~D = ~E − ~S, Di = F 0i − S0i. (5.27)
Similarly for spatial indices (ij) we get the following expression
Sij = 2ijkBk 1
2
( ~E2 + ~B2) + 2ijk ~E2
1
2
Bk + 2iklBl
1
2
(EjEk +BjBk)
− 2kjlBl 1
2
(EiEk +BiBk) + 2Ei
1
2
( ~E × ~B)j − 2Ej 1
2
( ~E × ~B)i − Ei
(
(
1
2
~B)× ~E
)j
+ Ej
(
(
1
2
~B)× ~E
)i
− ( ~E × ~B)i 1
2
Ej + ( ~E × ~B)j 1
2
Ei.
(5.28)
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Now we define the quantity
S˜m = ijmSij
= 2
[
2Bm
1
2
( ~E2 + ~B2) + 2 ~E2
1
2
Bm +Bl
1
2
(EmEl +BmBl)−Bm 1
2
( ~E2 + ~B2)
−Bl 1
2
(EmEl +BmBl) +Bm
1
2
( ~E2 + ~B2) + 2( ~E × 1
2
( ~E × ~B))m −
(
~E ×
(
(
1
2
~B)× ~E
))m
−
(
( ~E × ~B)× 1
2
~E
)m ]
,
(5.29)
which in the vector notation would be
~˜S = 4 ~B 1
2
( ~E2 + ~B2) + 4 ~E2
1
2
~B + 4
(
~E × 1
2
( ~E × ~B)
)
− 2 ~E ×
(
(
1
2
~B)× ~E
)
− 2( ~E × ~B)× 1
2
~E.
Therefore,
~∇× ~H = ∂
~D
∂t
, ~H = ~B − ~˜S. (5.30)
The above set of equations bring out that in the presence of the gravitons, the photon medium
gets polarized with ~S and gains magnetization, denoted by ~˜S. These are non-linear features
which could be useful for detecting GW. Also for the case of massive gravitons, each 1
2
term
gets modified to 1
2−m2 . These set of non-linear Maxwell equations can put further constraints
on the mass of graviton by a comparison of the experimental data with the theoretical pre-
diction.
In birefringent media, uniform plane waves can be decomposed into two orthogonal
polarization states (linear or circular) that propagate with two different speeds. The two
states develop a phase difference as they propagate, which alters the total polarization of the
wave. As we can see the ~S, ~˜S do depend on electric and magnetic fields ( ~E, ~B) nonlinearly.
This shows that permittivities and therefore, refractive indices of this anisotropic medium
strongly depends on the ~E, ~B fields non-linearly, as do the permeabilities. This characterizes
the birefringence property of the vacuum. In case of non-vanishing sources these quantities
also carry information about physical properties of the compact objects, as discussed above
(follows from linearity property of on-shell equation in terms of individual terms in the action).
Therefore, the above set of equations can be used not only in the detection process but also to
extract information about compact objects like neutron stars, white-dwarfs, binary mergers.
6 Scattering Process between photons in presence of gravitons
6.1 Action in momentum space
Since the detection of single graviton is very challenging from the perspective of present
technology, our approach of integrating out the graviton degrees of freedom and writing an
effective action for photons which takes into account the interactions between photons and
gravitons, would be helpful since there have been impressive advances in the field of photon
detection. Now our aim is to write down the interacting part of the action in momentum
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space from which the scattering amplitudes can be calculated. Here also we don’t assume
any external source producing GW.
Recall eq. (5.18),∫
d4x Tµν(x)
1
2
Tµν(x)
=
∫
d4x
(
ηαβF
αµF βν − 1
4
ηµνFαβF
αβ
)
1
2
(
ηρσFρµFσν − 1
4
ηµνFρσF
ρσ
)
=
∫
d4x
[
ηαβη
ρσFαµF βν
1
2
(FρµFσν)− 1
4
FαβF
αβ 1
2
(FµνF
µν)
]
,
(6.1)
which in momentum space takes the following form
(2pi)4
∫ 4∏
i=1
d4kiδ
(4)(k1 + k2 + k3 + k4)
1
(k3 + k4)2
×
[
(k1.k2A(k1).A(k2)− k1.A(k2)k2.A(k1))× (k3.k4A(k3).A(k4)− k3.A(k4)k4.A(k3))
− (k1.k2Aµ(k1)Aν(k2)− k1.A(k2)kν2Aµ(k1)− k2.A(k1)kµ1Aν(k2) + kµ1kν2A(k1).A(k2))
×(k3.k4Aµ(k3)Aν(k4)− k3.A(k4)k4νAµ(k3)− k4.A(k3)k3µAν(k4) + k3µk4νA(k3).A(k4))
]
.
(6.2)
This can be re-written as
(2pi)4
∫ 4∏
i=1
d4kiδ
(4)(k1 + k2 + k3 + k4)
1
(k3 + k4)2
×
[
Aµ(k1)A
ν(k2)A
ρ(k3)A
σ(k4)(k1.k2k3.k4ηµνηρσ − k1.k2ηµνk3σk4ρ − k1νk2µk3.k4ηρσ
+ k1νk2µk3σk4ρ)
−Aµ(k1)Aν(k2)Aρ(k3)Aσ(k4)(k1.k2k3.k4ηµρηνσ − k1.k2k3σk4νηµρ − k1.k2k4ρk3µηνσ
+ k1.k2k3µk4νηρσ − k1νk2σηµρk3.k4 + k1νk3σk2.k4ηµρ + k1νk4ρk3µk2σ
− ηρσk1νk3µk2.k4 − ηνσk3.k4k2µk1ρ + k2µk3σk1ρk4ν + ηνσk1.k3k2µk4ρ
− k1.k3ηρσk2µk4ν + k3.k4ηµνk1ρk2σ − k2.k4ηµνk1ρk3σ − k1.k3ηµνk2σk4ρ
+ k1.k3k2.k4ηµνηρσ)
]
= (2pi)4
∫ 4∏
i=1
d4kiδ
(4)(k1 + k2 + k3 + k4)
1
(k3 + k4)2
Aµ(k1)A
ν(k2)A
ρ(k3)A
σ(k4)
×
[
k1.k2k3.k4ηµνηρσ − k1.k2ηµνk3σk4ρ − k3.k4ηρσk1νk2µ + k1νk2µk3σk4ρ
− k1.k2k3.k4ηµρηνσ + k1.k2ηµρk3σk4ν + k1.k2ηνσk3µk4ρ − k1.k2ηρσk3µk4ν
+ k3.k4ηµρk1νk2σ − k2.k4ηµρk1νk3σ − k1νk2σk3µk4ρ + k2.k4ηρσk1νk3µ
+ k3.k4ηνσk1ρk2µ − k1ρk2µk3σk4ν − k1.k3ηνσk2µk4ρ + k1.k3ηρσk2µk4ν
− k3.k4ηµνk1ρk2σ + k2.k4ηµνk1ρk3σ + k1.k3ηµνk2σk4ρ − ηµνηρσk1.k3k2.k4
]
.
(6.3)
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6.2 Vertex function and polarization tensors
Now we find out the tree-level scattering amplitudes in terms of the vertex operator denoted
by Vµνρσ(k1, k2, k3, k4) which is
Vµνρσ(k1, k2, k3, k4) =
[
k1.k2k3.k4ηµνηρσ − k1.k2ηµνk3σk4ρ − k3.k4ηρσk1νk2µ + k1νk2µk3σk4ρ
− k1.k2k3.k4ηµρηνσ + k1.k2ηµρk3σk4ν + k1.k2ηνσk3µk4ρ − k1.k2ηρσk3µk4ν
+ k3.k4ηµρk1νk2σ − k2.k4ηµρk1νk3σ − k1νk2σk3µk4ρ + k2.k4ηρσk1νk3µ
+ k3.k4ηνσk1ρk2µ − k1ρk2µk3σk4ν − k1.k3ηνσk2µk4ρ + k1.k3ηρσk2µk4ν
− k3.k4ηµνk1ρk2σ + k2.k4ηµνk1ρk3σ + k1.k3ηµνk2σk4ρ − ηµνηρσk1.k3k2.k4
]
× (2pi)4 κ
2
(k3 + k4)2
δ(4)(k1 + k2 + k3 + k4),
(6.4)
and in the case of massive gravitons, the vertex function becomes
Vµνρσ(k1, k2, k3, k4) =
[
k1.k2k3.k4ηµνηρσ − k1.k2ηµνk3σk4ρ − k3.k4ηρσk1νk2µ + k1νk2µk3σk4ρ
− k1.k2k3.k4ηµρηνσ + k1.k2ηµρk3σk4ν + k1.k2ηνσk3µk4ρ − k1.k2ηρσk3µk4ν
+ k3.k4ηµρk1νk2σ − k2.k4ηµρk1νk3σ − k1νk2σk3µk4ρ + k2.k4ηρσk1νk3µ
+ k3.k4ηνσk1ρk2µ − k1ρk2µk3σk4ν − k1.k3ηνσk2µk4ρ + k1.k3ηρσk2µk4ν
− k3.k4ηµνk1ρk2σ + k2.k4ηµνk1ρk3σ + k1.k3ηµνk2σk4ρ − ηµνηρσk1.k3k2.k4
]
× (2pi)4 κ
2
(k3 + k4)2 +m2
δ(4)(k1 + k2 + k3 + k4).
(6.5)
Let us denote the polarization tensors of the photons as εi ≡ ε(ki, λi), where λi ∈ {1,−1}
and defined by
ε(~k, λ = 1) =
1√
(k1)2 + (k2)2
(k2,−k1, 0)
ε(~k, λ = −1) = 1
|~k|√(k1)2 + (k2)2 (k1k3, k2k3,−((k1)2 + (k2)2)),
(6.6)
which satisfy ∑
λ=1,2
ε
(λ)
i ε
(λ)
j =
(
δij − k
ikj
|~k|2
)
. (6.7)
6.3 Vacuum to 4-photons scattering amplitude
In this section, we compute scattering amplitude of a process in which from vacuum, four
photons are produced with the same polarization λ = 1. The scattering amplitude is defined
by 〈f |S(1) |i〉 with S(1) interaction term in the action and |i〉 = |0〉 is the initial state and
|f〉 = ∏4i=1 aˆ†(ki, λi = 1) |0〉 is the final state. We can write
〈f |S(1) |i〉 =M(2pi)4δ(4)(k1 + k2 + k3 + k4)
4∏
i=1
1√
2ωi(2pi)
3
2
, (6.8)
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whereM is the scattering amplitude of the process.
For this case
M1 =
∫ 4∏
i=1
d4piVµνρσ(p1, p2, p3, p4) 〈0| aˆ(k4, λ = 1)aˆ(k3, λ = 1)aˆ(k2, λ = 1)aˆ(k1, λ = 1)
×aˆ†(p1, λ = 1)aˆ†(p2, λ = 1)aˆ†(p3, λ = 1)aˆ†(p4, λ = 1) |0〉
× εµ(p1, λ = 1)εν(p2, λ = 1)ερ(p3, λ = 1)εσ(p4, λ = 1)
=
∑
p∈S4
Vµνρσ(kp(1), kp(2), kp(3), kp(4))εµ(kp(1), λ = 1)εν(kp(2), λ = 1)ερ(kp(3), λ = 1)εσ(kp(4), λ = 1).
(6.9)
For the case where all the scattered photons have λ = −1 polarization, we just need to change
the polarization tensor in above contraction.
Now we will look at the amplitude where the final state is
∏4
i=1 aˆ
†(ki, λi = 1) |0〉 and
the polarizations λ1, λ2, λ3, λ4 can take any value. The corresponding scattering amplitude
would be
M2 =
∑
λ˜1,λ˜2,λ˜3,λ˜4
∫ 4∏
i=1
d4piVµνρσ(p1, p2, p3, p4) 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)aˆ(k1, λ1)
×aˆ†(p1, λ˜1)aˆ†(p2, λ˜2)aˆ†(p3, λ˜2)aˆ†(p4, λ˜4) |0〉 εµ(p1, λ˜1)εν(p2, λ˜2)ερ(p3, λ˜3)εσ(p4, λ˜4)
=
∑
λ˜1,λ˜2,λ˜3,λ˜4
∑
p∈S4
Vµνρσ(kp(1), kp(2), kp(3), kp(4))εµ(kp(1), λp(1))εν(kp(2), λp(2))ερ(kp(3), λp(3))
× εσ(kp(4), λp(4))δλ˜1,λp(1)δλ˜2,λp(2)δλ˜3,λp(3)δλ˜4,λp(4) .
(6.10)
6.4 Scattering amplitude of decay process
Now we consider 1 → 3 particle decay process where initial state is |i〉 = aˆ†(k1, λ1) |0〉 and
final state is |f〉 = aˆ†(k2, λ2)aˆ†(k3, λ3)aˆ†(k4, λ4) |0〉, for which we can write
〈f |S(1) |i〉 =M, (6.11)
where
M =
∑
λ˜1,λ˜2,λ˜3,λ˜4
∫ 4∏
i=1
d4piVµνρσ(p1, p2, p3, p4)εµ(p1, λ˜1)εν(p2, λ˜2)ερ(p3, λ˜3)εσ(p4, λ˜4)
×
[
〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)aˆ(p1, λ˜1)aˆ†(p2, λ˜2)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ†(k1, λ1) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)aˆ†(p2, λ˜2)aˆ(p1, λ˜1)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ†(k1, λ1) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)aˆ†(p2, λ˜2)aˆ†(p3, λ˜3)aˆ(p1, λ˜1)aˆ†(p4, λ˜4)aˆ†(k1, λ1) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)aˆ†(p2, λ˜2)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ(p1, λ˜1)aˆ†(k1, λ1) |0〉
]
× (2pi)4δ(4)(p1 − p2 − p3 − p4)
4∏
i=1
1√
2ωi(2pi)
3
2
.
(6.12)
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This can be re-written as
M =
∑
λ˜1,λ˜2,λ˜3,λ˜4
∫ 4∏
i=1
d4piVµνρσ(p1, p2, p3, p4)εµ(p1, λ˜1)εν(p2, λ˜2)ερ(p3, λ˜3)εσ(p4, λ˜4)
×
[
4 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)aˆ(p1, λ˜1)aˆ†(p2, λ˜2)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ†(k1, λ1) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)[aˆ†(p2, λ˜2), aˆ(p1, λ˜1)]aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ†(k1, λ1) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)[aˆ†(p2, λ˜2)aˆ†(p3, λ˜3), aˆ(p1, λ˜1)]aˆ†(p4, λ˜4)aˆ†(k1, λ1) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)[aˆ†(p2, λ˜2)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4), aˆ(p1, λ˜1)]aˆ†(k1, λ1) |0〉
]
× (2pi)4δ(4)(p1 − p2 − p3 − p4)
4∏
i=1
1√
2ωi(2pi)
3
2
=
∑
λ˜1,λ˜2,λ˜3,λ˜4
∫ 4∏
i=1
d4piVµνρσ(p1, p2, p3, p4)εµ(p1, λ˜1)εν(p2, λ˜2)ερ(p3, λ˜3)εσ(p4, λ˜4)
×
[
4
[ ∑
P∈S3
δ(4)(p1 − k1)δ(4)(p2 − kP (2))δ(4)(p3 − kP (3))δ(4)(p4 − kP (4))δλ˜1,λ1δλ˜2,λp(2)
×δλ˜3,λp(3)δλ˜4,λp(4) +
4∑
m,n=2
δ(4)(p1 − km)δ(4)(k1 − pn)δλ˜1,λmδλ˜n,λ1
∏
m′ 6=m,n′ 6=n∈{1,2,3}
δ(4)(km′ − pn′)δλ˜n′ ,λm′
]
− 3δλ˜2,λ˜1δ(4)(p1 − p2) 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ†(k1, λ1) |0〉
− 2δλ˜3,λ˜1δ(4)(p3 − p1) 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)aˆ†(p2, λ˜2)aˆ†(p4, λ˜4)aˆ†(k1, λ1) |0〉
− δλ˜4,λ˜1δ(4)(p4 − p1) 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(k2, λ2)aˆ†(p2, λ˜2)aˆ†(p3, λ˜3)aˆ†(k1, λ1) |0〉
]
× (2pi)4δ(4)(p1 − p2 − p3 − p4)
4∏
i=1
1√
2ωi(2pi)
3
2
=
∑
λ˜1,λ˜2,λ˜3,λ˜4
∫ 4∏
i=1
d4piVµνρσ(p1, p2, p3, p4)εµ(p1, λ˜1)εν(p2, λ˜2)ερ(p3, λ˜3)εσ(p4, λ˜4)
×
[
4
[ ∑
P∈S3
δ(4)(p1 − k1)δ(4)(p2 − kP (2))δ(4)(p3 − kP (3))δ(4)(p4 − kP (4))δλ˜1,λ1δλ˜2,λp(2)
×δλ˜3,λp(3)δλ˜4,λp(4) +
4∑
m,n=2
δ(4)(p1 − km)δ(4)(k1 − pn)δλ˜1,λmδλ˜n,λ1
∏
m′ 6=m,n′ 6=n∈{1,2,3}
δ(4)(km′ − pn′)δλ˜n′ ,λm′
]
− 3δλ˜2,λ˜1δ(4)(p1 − p2)
[ ∑
m=2,3,4
δλ1,λmδ
(4)(k1 − km)(δλ˜4,λm> δ
(4)(p4 −m>)δλ˜3,λm< δ
(4)(p3 −m<)
+ δλ˜3,λm>
δ(4)(p3 −m>)δλ˜4,λm< δ
(4)(p4 −m<))
]
− 2δλ˜3,λ˜1δ(4)(p1 − p3)
[ ∑
m=2,3,4
δλ1,λmδ
(4)(k1 − km)(δλ˜4,λm> δ
(4)(p4 −m>)δλ˜2,λm< δ
(4)(p2 −m<)
+ δλ˜2,λm>
δ(4)(p2 −m>)δλ˜4,λm< δ
(4)(p4 −m<))
]
− δλ˜4,λ˜1δ(4)(p1 − p4)
[ ∑
m=2,3,4
δλ1,λmδ
(4)(k1 − km)(δλ˜4,λm> δ
(4)(p4 −m>)δλ˜1,λm< δ
(4)(p1 −m<),
(6.13)
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+ δλ˜1,λm>
δ(4)(p1 −m>)δλ˜4,λm< δ
(4)(p4 −m<))
]]
× (2pi)4δ(4)(p1 − p2 − p3 − p4)
4∏
i=1
1√
2ωi(2pi)
3
2
,
where if m = 2 then m< = 3,m> = 4, if m = 3 then m< = 2,m> = 4 and if m = 4 then
m< = 2,m> = 3 and m′, n′ can take one value at one time only.
6.5 Scattering amplitude of 2→ 2 scattering process
Now we consider 2 → 2 scattering process where initial state is |i〉 = aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
and final state is |f〉 = aˆ†(k3, λ3)aˆ†(k4, λ4) |0〉, for which we can write
〈f |S(1) |i〉 =M, (6.14)
where
M =
∑
λ˜1,λ˜2,λ˜3,λ˜4
∫ 4∏
i=1
d4piVµνρσ(p1, p2, p3, p4)εµ(p1, λ˜1)εν(p2, λ˜2)ερ(p3, λ˜3)εσ(p4, λ˜4)
×
[
〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(p1, λ˜1)aˆ(p2, λ˜2)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(p1, λ˜1)aˆ†(p3, λ˜3)aˆ(p2, λ˜2)aˆ†(p4, λ˜4)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ†(p3, λ˜3)aˆ(p1, λ˜1)aˆ(p2, λ˜2)aˆ†(p4, λ˜4)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(p1, λ˜1)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ(p2, λ˜2)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ†(p3, λ˜3)aˆ(p1, λ˜1)aˆ†(p4, λ˜4)aˆ(p2, λ˜2)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ(p1, λ˜1)aˆ(p2, λ˜2)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ ((p3, λ˜3)↔ (p4, λ˜4))
]
(2pi)4δ(4)(p1 + p2 − p3 − p4)
4∏
i=1
1√
2ωi(2pi)
3
2
=
∑
λ˜1,λ˜2,λ˜3,λ˜4
∫ 4∏
i=1
d4piVµνρσ(p1, p2, p3, p4)εµ(p1, λ˜1)εν(p2, λ˜2)ερ(p3, λ˜3)εσ(p4, λ˜4)
×
[
5 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(p1, λ˜1)aˆ(p2, λ˜2)aˆ†(p3, λ˜3)aˆ†(p4, λ˜4)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(p1, λ˜1)[aˆ†(p3, λ˜3), aˆ(p2, λ˜2)]aˆ†(p4, λ˜4)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)[aˆ†(p3, λ˜3), aˆ(p1, λ˜1)aˆ(p2, λ˜2)]aˆ†(p4, λ˜4)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)aˆ(p1, λ˜1)[aˆ†(p3, λ˜3)aˆ†(p4, λ˜4), aˆ(p2, λ˜2)]aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| [[aˆ(k4, λ4)aˆ(k3, λ3), aˆ†(p3, λ˜3)]aˆ(p1, λ˜1), aˆ†(p4, λ˜4)]aˆ(p2, λ˜2)aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ 〈0| aˆ(k4, λ4)aˆ(k3, λ3)[aˆ†(p3, λ˜3)aˆ†(p4, λ˜4), aˆ(p1, λ˜1)aˆ(p2, λ˜2)]aˆ†(k1, λ1)aˆ†(k2, λ2) |0〉
+ ((p3, λ˜3)↔ (p4, λ˜4))
]
(2pi)4δ(4)(p1 + p2 − p3 − p4)
4∏
i=1
1√
2ωi(2pi)
3
2
.
(6.15)
This can be evaluated explicitly using the commutation algebra between creation and anni-
hilation operators of different modes.
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6.6 Features of scattering amplitudes
Note that upto one-loop all scattering amplitudes shown above are proportional to κ2 =
8piG~
c4
which is O(10−77). This is very small in magnitude for measurement in any scattering
experiment. However, using weak value amplification [46], [47], [48] this magnitude can be
amplified through suitable pre-selected and post-selected scattering states, shown below.
Another interesting aspect of these scattering processes is that helicity of photon through
these processes is not conserved. This was first shown in [16], and the reason behind this will
be discussed below.
The other feature found is that the vertex function Vµνρσ(k1, k2, k3, k4) contains a factor
of 1
(k3+k4)2
which shows an IR pole at k3 +k4 = 0 that can be avoided by adding soft photons
[49], [50]. This also happens in QED although there vertex function does not have any poles
in momentum space. Note that this feature is in-built in photons due to interaction with
massless gravitons since asymptotically interaction term in action is finite for soft gravitons
but this is not the case for massive gravitons. Therefore, one would expect the absence of the
IR pole for massive gravitons. This is indeed the case as there we need to replace 1
(k3+k4)2
by
1
(k3+k4)2+m2
.
6.7 Duality symmetry
One of the beautiful features of Maxwell equations in free-space is that it has the symmetry
of exchanging electric and magnetic fields. Maxwell equations in free-space are symmetric
under the following transformation [51, 52]
~E → ~B, ~B → − ~E. (6.16)
This discrete symmetry is a particular case of the most general continuous transformation,
known as dual transformation [53–55], [51, 52]
~E → ~E cos θ + ~B sin θ, ~B → ~B cos θ − ~E sin θ, (6.17)
where θ is an arbitrary angle.
A concrete analysis of conserved quantity (Noether’s charge) corresponding to this con-
tinuous symmetry revealed that the pertinent pseudo scalar integrated over spatial hypersur-
face represents the difference between the number of left- and right-hand circularly polarized
photons which is nothing but optical helicity. Hence, this duality symmetry leads to conser-
vation of helicity of light [56–60].
In standard Maxwell’s electromagnetism
Fαβ = ∂αAβ − ∂βAα
L = −1
4
FαβF
αβ =
1
2
( ~E2 − ~B2),
(6.18)
corresponds to free Maxwell equations
∂αF
αβ = ∂αβ − ∂βAα, ∂α ∗ Fαβ = 0
∗Fαβ = 1
2
εαβγδFγδ.
(6.19)
Note that under ∗ transformation
F → ∗F → ∗ ∗ F = −F. (6.20)
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It is important to note that coupling of matter with photon breaks this symmetry. If La-
grangian acquires a term jαAα which implies equations of motion become
∂αF
αβ = −jβE = jβ
∂α ∗ Fαβ = −jβM (magnetic current).
(6.21)
Under dual transformation ~R = ~E + i ~B transforms as ~R→ ~Re−iθ, which shows that
~R.~R = ( ~E2 − ~B2) + 2i ~E. ~B. (6.22)
Now we define two Lorentz invariant quantities
I1 = −1
2
FαβF
αβ = ~E2 − ~B2,
I2 = −1
2
∗ FαβFαβ = 2 ~E. ~B,
(6.23)
which will be important for the subsequent discussion. Note that
Lfree = 1
2
R(~R.~R) =
1
2
I1. (6.24)
Under dual transformation
I1 →I1 cos 2θ + I2 sin 2θ,
I2 →I2 cos 2θ − I1 sin 2θ,
(6.25)
the lagrangian density transforms as
Lfree → Lfree cos 2θ − 1
4
∗ FαβFαβ sin 2θ. (6.26)
Although the above transformation changes Lagrangian density, the Maxwell equations re-
main unchanged, since
∗ FαβFαβ = 2∂α(∗FαβAβ), (6.27)
where we have used the on-shell relation ∗∂α ∗ Fαβ = 0 for free-space.
Considering the infinitesimal version of the transformation (6.25)
Lfree → Lfree − θ∂α(∗FαβAβ), (6.28)
it can be seen that Lfree changes only by a total derivative which therefore is a symmetry
transformation and
Jα = ∗FαβAβ, (6.29)
is the corresponding conserved charge in the absence of sources. In the presence of sources
∂αJ
α = ∂α ∗ FαβAβ + 1
2
∗ FαβFαβ
= −jαMAα − I2 = −I2 (if we neglect magnetic charges in the universe)
∝ ~E. ~B 6= 0.
(6.30)
And in the presence of gravitons we have a non-zero source which is jνeff = ∂µSµν , see
eqn. (5.22), which guarantees that ~E. ~B 6= 0, thereby bringing out the violation of helicity
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conservation [61, 62]. Hence presence of non-trivial source term in eq. (5.22) leads to violation
of helicity conservation in scattering processes. Here
J0 = ∗F 0βAβ = 1
2
ε0βγδFγδAβ = F23A1 − F13A2 + F12A3 = ~A. ~B. (6.31)
Instead duality symmetric modifications of J0, ~J are
J0 ≡ H = 1
2
( ~A. ~B − ~C. ~E)
~J ≡ ~S = 1
2
( ~E × ~A+ ~B × ~C),
(6.32)
where
~∇× ~C = − ~E, ~∇× ~A = ~B. (6.33)
7 Weak measurements
Here, we will discuss the general weak measurement protocol [63–67]. This will lead naturally
to the definition of weak value [68, 69] of an operator.
7.1 The Weak Measurement protocol
In order to perform weak measurement in an experiment we need a large ensemble of particles
all prepared in the same initial state denoted by |ψi〉. Each particle will interact with a
separate measuring device which is in the following state
|Φ〉 =
∫
dq√
∆(2pi)
1
4
e−
q2
4∆2 |q〉 , (7.1)
where ∆ is the standard deviation of position of the measuring device.
The interaction Hamiltonian is
Hˆ = χ(t)pˆ⊗ Aˆ, (7.2)
where pˆ is the momentum operator of the device and Aˆ is the operator whose expectation
value needs to be measured.
A weak measurement could be an impulsive measurement at time t0
χ(t) ≈ χδ(t− t0), (7.3)
with the interaction strength χ being sufficiently small. The collective state of the particle
and device will evolve under the interaction Hamiltonian into the following entangled state
e−iχpˆ⊗Aˆ |Φ〉 ⊗ |Ψi〉 = (
∑
j
|aj〉 e−iχpˆaj 〈aj |) |Φ〉 ⊗ |Ψi〉
=
∑
j
αje
−iχpˆaj |Φ〉 ⊗ |aj〉 ,
(7.4)
where aj ’s are the eigenvalues of Aˆ corresponding to eigenvetor |aj〉 and
αj = 〈aj |Ψi〉 . (7.5)
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Also,
e−ipˆaj |Φ〉 =
∫
dq√
∆(2pi)
1
4
e−
(q−χaj)2
4∆2 |q〉 . (7.6)
The expectation value of Aˆ in the initial state can be determined by measuring the shift
in the position of the device. This can be seen by considering the probability of position
measurement of the device after interaction with the system is
P(q) =
∑
j
|αj |2 1√
2pi∆2
e−
(q−χaj)2
2∆2
≈
∑
j
|αj |2 1√
2pi∆2
(
1− (q − χaj)
2
2∆2
)
≈ 1√
2pi∆2
(
1− (q −
∑
j χaj |αj |2)2
2∆2
)
≈ 1√
2pi∆2
e−
(q−∑j χ|αj |2aj)
2∆2
=
1√
2pi∆2
e−
(q−χ〈Aˆ〉)2
2∆2 ,
(7.7)
where in the second line we have considered the uncertainty of device is taken to be much larger
than the eigenvalues of operator. Thus, the eqn. (7.7) shows that the probability distribution
of the device is Gaussian centered around χ〈Aˆ〉. Since for an ensemble of N-particles the
uncertainty in measuring the average value of the operator is reduced by 1√
N
, therefore, for
a large collection of identical particles we can measure 〈Aˆ〉 with arbitrary accuracy.
The reason for calling this weak is that after measurement, the state of each particle
does not change much. After measurement, the state of the whole system becomes
|Ψ〉f =
1
N
∑
j
αj
1√
∆(2pi)
1
4
e−
(q0−χaj)2
4∆2 |q0〉 ⊗ |aj〉 , (7.8)
where q0 is the measurement outcome of the position of the device and N is the normalization
constant. In the limit ∆ 1, |Ψ〉f → |Ψ〉i. Hence, the “weakness" behind the measurement
is due to lack of information extraction from the individual measurement.
7.2 The weak value
A very pertinent feature of weak measurement gets revealed once post-selection is added to
it. Here, we will see how post-selection affects the measurement outcome, weak value and the
limits under which calculations are valid.
We choose a state |b〉 which is an eigenvector of another operator Bˆ that need not be
the operator Aˆ; this is the post-selected state. In this case a strong measurement will be
performed on the particle (with a separate measuring device), after it has interacted with
weak measuring device, to collapse the particle into one of Bˆ’s eigenstates. Then, we select
only particles that collapse into state |b〉 to calculate the average value of Aˆ. Hence, only the
post selected state of the particles are used to calculate the average value of the operator Aˆ.
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After the post selection the state of the whole system (particle+device) turn into fol-
lowing state
|Ω〉 = 1
K
|b〉 〈b| e−iχpˆ⊗Aˆ |Φ〉 ⊗ |Ψi〉
≈ 1
K
|b〉 〈b| (Iˆ − iχpˆ⊗ Aˆ) |Φ〉 ⊗ |Ψi〉
=
1
K
|b〉 〈b|Ψi〉
(
1− iχpˆ〈b| Aˆ |Ψi〉〈b|Ψi〉
)
|Φ〉
≈ 1
K
〈b|Ψi〉 |b〉 ⊗
(
e
−iχpˆ 〈b|Aˆ|Ψi〉〈b|Ψi〉 |Φ〉
)
,
(7.9)
where K is a normalization constant. Thus, the device measures the following quantity
〈Aˆ〉w = 〈b| Aˆ |Ψi〉〈b|Ψi〉 , (7.10)
the weak value. The above results are based on following approximations [65]
|χnpn 〈b| Aˆ |ψi〉 |  | 〈b|Ψi〉 |, ∀p
|χnpn 〈b| Aˆn |ψi〉 |  | 〈b| Aˆ |ψi〉 |, ∀p, ∀n ≥ 2
|χp〈Aˆ〉w|  1.
(7.11)
Hence, adding a post-selected state to measurement, changes the center of the probability
distribution of the device from 〈Aˆ〉 to Aˆw.
7.3 Measuring scattering amplitudes using weak measurement protocol
In the scattering amplitudes we are interested in measuring the quantity 〈f |i〉 where |i〉
is the initial state at past infinity t → −∞ and |f〉 is the final state at future infinity
at t → ∞ or in the Schro¨dinger picture 〈f | e−iHˆT |i〉 |T→∞ = 〈f | Sˆ |i〉. Therefore, if we
choose operator Aˆ in weak measurement protocol to be the scattering matrix Sˆ, and choose
the initial state to be a many-particle state |i〉 = |k1, k2, . . . , km〉 and a post-selected state
|f〉 = (1− ) |l1, . . . , ln〉+
√
2 |k1, k2, . . . , km〉 such that  1, we have
〈Aˆ〉w = 〈Sˆ〉w = (1− ) 〈l1, . . . , ln| Sˆ |k1, . . . , km〉+
√
2 〈k1, . . . , km| Sˆ |k1, . . . , km〉√
2
≈ 1√
2
〈l1, . . . , ln| Sˆ |k1, . . . , km〉 ,
(7.12)
which is a scattering amplitude of m-particle state with momenta k1, . . . , km to n-particle
state with momenta l1, . . . , ln and a amplifying factor 1√2 . This facilitates the measurement
of scattering amplitude or cross-sections of any process in the theory through the weak mea-
surement protocol by suitably choosing a channel with a collection of particular initial and
post-selected states. Using the cascaded weak measurement strategy [70] < Sˆ >w can be
amplified by O(1012).
8 Effective action
To take into account quantum corrections, quantum effective action is obtained here by a
one-loop computation.
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Figure 1: 1-loop self-energy diagram
8.1 Mass renormalization
Figure 1 depicts the 1-loop self-energy diagram, computed using Feynman diagrammatic
techniques and equal to
− i
∫
d4k
(2pi)4
Vµνρσ(p, k, k, p) η
νρ
k2 + µ2
, (8.1)
where µ is mass-regulator of photons and
Vµνρσ(k1, k2, k3, k4) =
[
k1.k2k3.k4ηµνηρσ − k1.k2ηµνk3σk4ρ − k3.k4ηρσk1νk2µ + k1νk2µk3σk4ρ
− k1.k2k3.k4ηµρηνσ + k1.k2ηµρk3σk4ν + k1.k2ηνσk3µk4ρ − k1.k2ηρσk3µk4ν
+ k3.k4ηµρk1νk2σ − k2.k4ηµρk1νk3σ − k1νk2σk3µk4ρ + k2.k4ηρσk1νk3µ
+ k3.k4ηνσk1ρk2µ − k1ρk2µk3σk4ν − k1.k3ηνσk2µk4ρ + k1.k3ηρσk2µk4ν
− k3.k4ηµνk1ρk2σ + k2.k4ηµνk1ρk3σ + k1.k3ηµνk2σk4ρ − ηµνηρσk1.k3k2.k4
]
× κ
2
(k3 + k4)2
δ(4)(k1 + k2 + k3 + k4).
(8.2)
This leads to
ηνρVµνρσ(p, k, k, p) = κ
2
(p+ k)2
[
(p.k)2ηµσ − p.kkσpµ − p.kpσkµ + p2kµkσ
− (p.k)2ηµσ + p.kpµkσ − p.kkµpσ + p.kpµkσ
− p.kpµkσ − p2kµkσ + p.kpσkµ + p.kpσkµ − p2kµkσ
− p.kkµpσ + p.kkµpσ − p.kpµkσ + p.kpµkσ + p.kkµpσ − ηµσ(p.k)2
]
=
κ2
(p+ k)2
[(p.k)2ηµσ − p2kµkσ + p.kkµpσ + p.kpµkσ],
(8.3)
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which implies that the diagram can be mathematically represented by the following expression
−iκ2
∫
d4k
(2pi)4
1
k2 + µ2
1
(p+ k)2
[
(p.k)2ηµσ − p2kµkσ + p.kkµpσ + p.kpµkσ
]
= −iκ2
∫ 1
0
dx
∫
d4k
(2pi)4
1
[(k + px)2 + p2x(1− x) + µ2(1− x)]2
[
(p.k)2ηµσ − p2kµkσ + p.kkµpσ + p.kpµkσ
]
= −iκ2
∫ 1
0
dx
∫
d4k
(2pi)4
1
[(k + px)2 + p2x(1− x) + µ2(1− x)]2
[p2k2
4
ηµσ + (p
2)2x2ηµσ − p2pµpσx2
− p2k2 ηµσ
4
+
k2pµpσ
2
− 2p2pµpσx2
]
= −iκ2[(p2)2ηµσ − 3p2pµpσ]
∫ 1
0
x2dx
∫
d4k
(2pi)4
1
[(k + px)2 + p2x(1− x) + µ2(1− x)]2
− iκ
2pµpσ
2
∫ 1
0
dx
∫
d4k
(2pi)4
k2
[(k + px)2 + p2x(1− x) + µ2(1− x)]2
= −iκ2[(p2)2ηµσ − 3p2pµpσ]
∫ 1
0
x2dx
1
(4pi)2
Γ(
ε
2
)[p2x(1− x) + µ2(1− x)]− ε2
− iκ
2pµpσ
2
1
(4pi)2
Γ(−1 + ε
2
)
∫ 1
0
dx[p2x(1− x) + µ2(1− x)]1− ε2
+
iκ2pµpσ
2
1
(4pi)2
Γ(
ε
2
)
∫ 1
0
dx[p2x(1− x) + µ2(1− x)]1− ε2
= −iκ2[(p2)2ηµσ − 3p2pµpσ] 1
(4pi)2
(
2
ε
+ ψ(1)
)∫ 1
0
dx x2
(
1− ε
2
ln
(
p2x(1− x) + µ2(1− x)
4piΛ2
))
+
iκ2pµpσ
2
1
(4pi)2
(
4

+ ψ(1)− ψ(2)
)∫ 1
0
dx
[
[p2x(1− x) + µ2(1− x)]
×
(
1− ε
2
ln
(
p2x(1− x) + µ2(1− x)
4piΛ2
))]
.
(8.4)
where Γ, ψ denote Gamma and Euler’s function, respectively. Λ is the momentum scale
(effective scale) up to which this theory is valid and ε = 4−D.
We can now safely take µ = 0, since there is no IR divergence when p = 0, which gives
−iκ2[(p2)2ηµσ − 3p2pµpσ] 1
(4pi)2
(
2
ε
+ ψ(1)
)∫ 1
0
dx
(
x2 − ε
2
x2 ln(x(1− x))− x2 ε
2
ln
p2
4piΛ2
)
+
iκ2pµpσ
2
1
(4pi)2
(
4

+ ψ(1)− ψ(2)
)[p2
6
− εp
2
2
∫ 1
0
dx x(1− x) ln(x(1− x))− εp
2
12
ln
p2
4piΛ2
]
.
(8.5)
From the above expression, divergent part can be omitted by adding counterterms and we
are left with finite part whose contribution is
−iκ2[(p2)2ηµσ − 3p2pµpσ] 1
(4pi)2
(
ψ(1)
3
−
∫ 1
0
x2 ln(x(1− x))dx− 1
3
ln
p2
4piΛ2
)
+
iκ2pµpσ
2
1
(4pi)2
(
ψ(1)− ψ(2)
6
p2 − 2p2
∫ 1
0
x(1− x) ln(x(1− x))dx− p
2
3
ln
p2
4piΛ2
)
.
(8.6)
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If we omit ln p
2
4piΛ2
for time being (to which we will come later), we get
−iκ2[(p2)2ηµσ − 3p2pµpσ] 1
(4pi)2
(
ψ(1)
3
+
13
18
)
+
iκ2pµpσ
2
1
(4pi)2
(
ψ(1)− ψ(2)
6
p2 +
5
9
p2
)
= − iκ
2
(4pi)2
[
(p2)2ηµσ
(
ψ(1)
3
+
13
18
)
− p2pµpσ
(
ψ(1) +
13
6
+
ψ(1)− ψ(2)
12
+
5
18
)]
= − iκ
2
(4pi)2
[α(p2)2ηµσ − β2p2pµpσ], α < 1, β > 1.
(8.7)
This implies that in the effective action following the quadratic term would appear
κ2Aµ[β2∂µ∂ν − αηµν22]Aν . (8.8)
Note that if we include the terms containing ln p
2
4piΛ2
then we need to add the following
contribution
iκ2
(4pi)2
ln
p2
4piΛ2
[(p2)2ηµσ − 7
6
pµpσp
2]. (8.9)
This will give rise to term such as
Aµ
(
κ2[α′22ηµν − β′∂µ∂ν2] ln −2
4piΛ2
)
Aν . (8.10)
Therefore, the quadratic part of the effective Lagrangian density of effective photon degrees
of freedom (after integrating out the graviton degrees of freedom) upto 1-loop would be
L(2)eff = −
1
4
FµνF
µν + κ2Aµ
[(
β − β′ ln −2
4piΛ2
)
2∂µ∂ν −
(
α− α′ ln −2
4piΛ2
)
ηµν2
2
]
Aν
≡ 1
2
Aµ
[
(2ηµν − ∂µ∂ν) + κ2
[(
β − β′ ln −2
4piΛ2
)
2∂µ∂ν −
(
α− α′ ln −2
4piΛ2
)
ηµν22
]]
Aν .
(8.11)
Notice that taking into account the quantum correction of photons upto 1-loop generates the
non-local ln −2
4piΛ2
term in the quadratic part of the effective action. Similar kind of non-local
terms were recently found in effective field theory GR in [71], [72].
We will now calculate the dispersion relation (on-shell) due to quantum corrections which
takes into account effective interactions with gravitons. But before that we need to choose
a gauge and in this case we choose the Lorentz gauge ∂µAµ = 0, due to which the effective
Lagrangian density upto quadratic part becomes
L(2)eff =
1
2
Aµ
[
2ηµν − κ2
(
α− α′ ln −2
4piΛ2
)
ηµν22
]
Aν . (8.12)
Therefore, the dispersion relation of photons becomes
k2
(
1 + κ2
(
α− α′ ln k
2
4piΛ2
)
k2
)
= 0, (8.13)
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which has 2 branches. One of them is usual photon dispersion relation in free-field theory
k2 = 0 and other is the non-trivial scale dependent dispersion relation
1 + κ2
(
α− α′ ln k
2
4piΛ2
)
k2 = 0. (8.14)
If we approximate α = α′ ≈ 1
(4pi)2
then the above dispersion relation becomes
1 +
κ2
(4pi)2
(
1− ln k
2
4piΛ2
)
k2 = 0, (8.15)
whose solution is
k2 = 4piΛ2e
1+W±1
(
4pie
κ2Λ2
)
, (8.16)
where W±1(x) is W-Lambert function, which has non-zero imaginary part which shows that
photon amplitude decays exponentially in time. A similar dispersion relation for gravitons
in effective field theory of GR was recently found in [71], [72]. Further, existence of massive
photon was observed recently in [73], consistent with the present result.
However, presence of graviton mass gives one additional scale which is completely in-
dependent of Planck length scale κ and this new scale depends on Cosmological constant
[74, 75]. In principle this could also come self-energy contribution to graviton field from
inflaton field [76, 77] which leads to inflation of Universe at very early stage. To see how
this new scale emerges into effective action at quadratic level we need to replace in (8.3)
(p+ k)2 → (p+ k)2 +m2 which modifies (8.4) to
−iκ2[(p2)2ηµσ − 3p2pµpσ] 1
(4pi)2
(
2
ε
+ ψ(1)
)∫ 1
0
dx x2
(
1− ε
2
ln
(
p2x(1− x) +m2x
4piΛ2
))
+
iκ2pµpσ
2
1
(4pi)2
(
4

+ ψ(1)− ψ(2)
)∫ 1
0
dx
[
[p2x(1− x) +m2x]
×
(
1− ε
2
ln
(
p2x(1− x) +m2x
4piΛ2
))]
,
(8.17)
from which one can extract out the following finite part
−iκ2[(p2)2ηµσ − 3p2pµpσ] 1
(4pi)2
(
ψ(1)
3
−
∫ 1
0
dx x2 ln
(
p2x(1− x) +m2x
4piΛ2
))
+
iκ2pµpσ
2
1
(4pi)2
[
(ψ(1)− ψ(2))
(
p2
6
+
m2
2
)
− 2
∫ 1
0
dx[p2x(1− x) +m2x] ln
(
p2x(1− x) +m2x
4piΛ2
)]
= −iκ2[(p2)2ηµσ − 3p2pµpσ] 1
(4pi)2
[
ψ(1)
3
+
13
18
−
(
6 +
18m2
p2
+ 18
m4
p4
+
m6
3p6
)
ln
(
p2 +m2
4piΛ2
)
+
m2
p2
(
ln
(
m2
4piΛ2
)
+ 5
)
+
m4
p4
(
ln
(
m2
4piΛ2
)
+
1
3
)
+
1
3
m6
p6
ln
(
m2
4piΛ2
)]
+
iκ2pµpσ
2
1
(4pi)2
[
(ψ(1)− ψ(2))
(
p2
6
+
m2
2
)
−
(
p2
3
+m2 +
m4
p2
+
m6
3p4
)
ln
(
p2 +m2
4piΛ2
)
+
5p2
9
+
4m2
3
+
m4
p2
(
ln
(
m2
4piΛ2
)
+
1
3
)
+
m6
3p4
ln
(
m2
4piΛ2
)]
.
(8.18)
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The above expression leads to the following inclusion of non-local operation in the action
κ2Aµ[32∂µ∂ν − ηµν22] 1
(4pi)2
[
ψ(1)
3
+
13
18
−
(
6− 18m
2
2
+ 18
m4
22
− m
6
323
)
ln
(−2+m2
4piΛ2
)
− m
2
2
(
ln
(
m2
4piΛ2
)
+ 5
)
+
m4
22
(
ln
(
m2
4piΛ2
)
+
1
3
)
− 1
3
m6
23
ln
(
m2
4piΛ2
)]
Aν
−Aµ
[
κ2∂µ∂ν
2
1
(4pi)2
{
(ψ(1)− ψ(2))
(
−2
6
+
m2
2
)
−
(
−2
3
+m2 − m
4
2
+
m6
322
)
ln
(−2+m2
4piΛ2
)
−52
9
+
4m2
3
− m
4
2
(
ln
(
m2
4piΛ2
)
+
1
3
)
+
m6
322
ln
(
m2
4piΛ2
)}]
Aν .
(8.19)
However, choosing ∂µAµ = 0 gauge leads to the following contribution
−κ2Aµ22 1
(4pi)2
[
ψ(1)
3
+
13
18
−
(
6− 18m
2
2
+ 18
m4
22
− m
6
323
)
ln
(−2+m2
4piΛ2
)
− m
2
2
(
ln
(
m2
4piΛ2
)
+ 5
)
+
m4
22
(
ln
(
m2
4piΛ2
)
+
1
3
)
− 1
3
m6
23
ln
(
m2
4piΛ2
)]
Aµ.
(8.20)
Taking into account this quantum correction gives the following on-shell condition
p2 + κ2p4
1
(4pi)2
[
ψ(1)
3
+
13
18
−
(
6 +
18m2
p2
+ 18
m4
p4
+
m6
3p6
)
ln
(
p2 +m2
4piΛ2
)
+
m2
p2
(
ln
(
m2
4piΛ2
)
+ 5
)
+
m4
p4
(
ln
(
m2
4piΛ2
)
+
1
3
)
+
1
3
m6
p6
ln
(
m2
4piΛ2
)]
= 0.
(8.21)
Although, we don’t give an analytic expression of dispersion relation, however, it can be easily
checked that tree-level dispersion p2 = 0 is no longer valid and is shifted in complex plane to
a point which depends on the ratio of κ,m2 to Λ2.
Another point that we want to highlight is the following. The above expression suggests
that after considering 1-loop correction the propagator of photons would be 1
p2+Σ(p2)
, where
Σ(p2) is the self energy of the photon. A nice property of the theory, apart from IR modifi-
cation, is that in the UV limit the propagator essentially becomes 1
Σ(p2)
∼ − 1
κ2p4 ln
(
p2+m2
4piΛ2
) .
This shows that the degree of superficial divergence of any diagram is reduced by 2. Hence,
taking into quantum corrections at 1-loop level modifies both UV and IR limit of the theory
significantly.
8.2 Vertex renormalization
Figure 2 depicts the 1-loop vertex diagram, which is computed next. The diagram corresponds
to
−
∫
d4k
(2pi)4
ηαγ
k2
ηβδ
(p− k)2Vµναβ(p1, p2, k, p− k)Vγδρσ(k, p− k, p3, p4). (8.22)
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Figure 2: 1-loop vertex diagram
Here
ηαγηβδVµναβ(p1, p2, k, p− k) =
[
p1.p2k.(p− k)ηµνηγδ − p1.p2ηµνkδ(p− k)γ − k.(p− k)ηγδp1νp2µ
+ p1νp2µk
δ(p− k)γ − p1.p2k.(p− k)δγµδδν + p1.p2δγµkδ(p− k)ν + p1.p2δδνkµ(p− k)γ
− p1.p2ηγδkµ(p− k)ν + k.(p− k)δγµp1νpδ2 − p2.(p− k)δγµp1νkδ − p1νpδ2kµ(p− k)γ
+ p2.(p− k)ηγδp1νkµ + k.(p− k)δδνpγ1p2µ − pγ1p2µkδ(p− k)ν − p1.kδδνp2µ(p− k)γ
+ p1.kη
γδp2µ(p− k)ν − k.(p− k)ηµνpγ1pδ2 + p2.(p− k)ηµνpγ1kδ + p1.kηµνpδ2(p− k)γ
− ηµνηγδp1.kp2.(p− k)
]κ2
p2
,
(8.23)
where p = p1 + p2 = p3 + p4.
Therefore, we need to compute the following expression
ηαγηβδVµναβ(p1, p2, k, p− k)Vγδρσ(k, p− k, p3, p4)
=
[
p1.p2k.(p− k)ηµνηγδ − p1.p2ηµνkδ(p− k)γ − k.(p− k)ηγδp1νp2µ
+ p1νp2µk
δ(p− k)γ − p1.p2k.(p− k)δγµδδν + p1.p2δγµkδ(p− k)ν + p1.p2δδνkµ(p− k)γ
− p1.p2ηγδkµ(p− k)ν + k.(p− k)δγµp1νpδ2 − p2.(p− k)δγµp1νkδ − p1νpδ2kµ(p− k)γ
+ p2.(p− k)ηγδp1νkµ + k.(p− k)δδνpγ1p2µ − pγ1p2µkδ(p− k)ν − p1.kδδνp2µ(p− k)γ
+ p1.kη
γδp2µ(p− k)ν − k.(p− k)ηµνpγ1pδ2 + p2.(p− k)ηµνpγ1kδ + p1.kηµνpδ2(p− k)γ
− ηµνηγδp1.kp2.(p− k)
]κ2
p2
×κ
2
p2
[
k.(p− k)p3.p4ηγδηρσ − k.(p− k)ηγδp3σp4ρ − p3.p4ηρσkδ(p− k)γ + kδ(p− k)γp3σp4ρ
− k.(p− k)p3.p4ηγρηδσ + k.(p− k)ηγρp3σp4δ + k.(p− k)ηδσp3γp4ρ − k.(p− k)ηρσp3γp4δ
+ p3.p4ηγρkδ(p− k)σ − (p− k).p4ηγρkδp3σ − kδ(p− k)σp3γp4ρ + (p− k).p4ηρσkδp3γ
+ p3.p4ηδσkρ(p− k)γ − kρ(p− k)γp3σp4δ − k.p3ηδσ(p− k)γp4ρ + k.p3ηρσ(p− k)γp4δ
− p3.p4ηγδkρ(p− k)σ + (p− k).p4ηγδkρp3σ + k.p3ηγδ(p− k)σp4ρ − ηγδηρσk.p3(p− k).p4
]
.
(8.24)
Note that the above multiplication generates 400 terms of which many terms cancel after
– 32 –
some algebraic manipulations and we are left with the following expression which is still large
κ4
(p2)2
pα1 p
β
2p
γ
3p
δ
4
[
− ηαβk.(p− k)kδηγσηµν(p− k)ρ − ηαβk.(p− k)(p− k)γkσηδρηµν
+ ηαβηγδk.(p− k)(p− k)ρkσηµν + ηαβk.(p− k)(p− k)γkδηµνηρσ
− k.(p− k)ηγδ(p− k)ρkσηανηβµ + k.(p− k)kδ(p− k)ρηγσηανηβµ
+ k.(p− k)(p− k)γηδρkσηανηβµ − k.(p− k)(p− k)γkδηανηβµηρσ
− ηαβηγδ(k.(p− k))2ηµνηρσ + ηαβηγσηδρηµν(k.(p− k))2
+ ηαβηγδk.(p− k)(p− k)µkνηρσ − ηαβk.(p− k)(p− k)µkνηγσηδρ
+ ηαβηγδ(k.(p− k))2ηµρηνσ − ηαβηµρηγσηνδ(k.(p− k))2
− ηαβηνσηγµηδρ(k.(p− k))2 + ηαβηγµηδνηρσ(k.(p− k))2
− ηαβηγδηµρkν(p− k)σk.(p− k) + ηαβk.(p− k)(p− k)δηµρkνηγσ
+ ηαβηγµηδρk.(p− k)kν(p− k)σ − ηαβηγµk.(p− k)(p− k)δkνηρσ
− ηαβηγδηνσk.(p− k)kρ(p− k)µ + ηαβηδνηγσk.(p− k)(p− k)µkρ
+ ηαβηνσηδρk.(p− k)kγ(p− k)µ − ηαβηρσk.(p− k)kγ(p− k)µηδν
+ ηαβηγδk.(p− k)kµ(p− k)νηρσ − ηαβηγσηδρk.(p− k)kµ(p− k)ν
− ηαβηγδηµρk.(p− k)kσ(p− k)ν + ηαβηµρηγσk.(p− k)kδ(p− k)ν
+ ηαβηγµηδρk.(p− k)kσ(p− k)ν − ηαβηγµηρσk.(p− k)kδ(p− k)ν
+ ηαβηγδkρkσ(p− k)µ(p− k)ν − ηαβηγσkδkρ(p− k)µ(p− k)ν
− ηαβηδρkγkσ(p− k)µ(p− k)ν + ηαβηρσkγkδ(p− k)µ(p− k)ν
− ηαβηγδηνσk.(p− k)kµ(p− k)ρ + ηαβηγσηδνk.(p− k)kµ(p− k)ρ
+ ηαβηνσηδρk.(p− k)(p− k)γkµ − ηαβηδνηρσk.(p− k)(p− k)γkµ
+ ηαβηγδkµkν(p− k)ρ(p− k)σ − ηαβηγσ(p− k)δ(p− k)ρkµkν
− ηαβηδρkµkν(p− k)σ(p− k)γ + ηαβηρσkµkν(p− k)γ(p− k)δ
+ ηανηβµηρσηγδ(k.(p− k))2 − ηανηβµηγσηδρ(k.(p− k))2
− ηγδηανηρσk.(p− k)kβ(p− k)µ + ηανηγσηδρk.(p− k)kβ(p− k)µ
− ηγδηανηβσηµρ(k.(p− k))2 + ηβδηγσηανηµρ(k.(p− k))2
+ ηβσηγµηανηδρ(k.(p− k))2 − ηβδηγµηανηρσ(k.(p− k))2
+ ηγδηανηµρk.(p− k)kβ(p− k)σ − ηανηγσηµρk.(p− k)(p− k)δkβ
− ηγµηανηδρk.(p− k)kβ(p− k)σ + ηγµηανηρσk.(p− k)(p− k)δkβ
+ ηγδηανηβσk.(p− k)(p− k)µkρ − ηβδηανηγσk.(p− k)(p− k)µkρ
− ηβσηδρηανk.(p− k)kγ(p− k)µ + ηβδηανηρσk.(p− k)kγ(p− k)µ
− ηγδηανηρσk.(p− k)(p− k)βkµ + ηανηγσηδρk.(p− k)(p− k)βkµ
+ ηγδηανηµρk.(p− k)(p− k)βkσ − ηανηγσηµρk.(p− k)(p− k)βkδ
− ηανηγµηδρk.(p− k)(p− k)βkσ + ηανηγµηρσk.(p− k)kδ(p− k)β
− ηγδηαν(p− k)βkσkρ(p− k)µ + ηανηγσ(p− k)βkδ(p− k)µkρ
+ ηανηδρ(p− k)βkγ(p− k)µkσ − ηανηρσ(p− k)βkγ(p− k)µkδ
+ ηγδηανηβσk.(p− k)kµ(p− k)ρ − ηβδηανηγσk.(p− k)kµ(p− k)ρ
− ηανηδρηβσk.(p− k)(p− k)γkµ + ηβδηανηρσk.(p− k)(p− k)γkµ
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−ηγδηανkβkµ(p− k)ρ(p− k)σ + ηανηγσ(p− k)δ(p− k)ρkβkµ
+ηανηδρkβkµ(p− k)γ(p− k)σ − ηανηρσ(p− k)δkβ(p− k)γkµ
+ηγδηανηβµηρσ(k.(p− k))2 − ηανηβµηγσηδρ(k.(p− k))2
−ηγδηβµηρσk.(p− k)(p− k)αkν + ηβµηγσηδρk.(p− k)(p− k)αkν
−ηγδηβµηαρηνσ(k.(p− k))2 + ηβµηδνηαρηγσ(k.(p− k))2
+ηαγηβµηδρηνσ(k.(p− k))2 − ηαγηβµηδνηρσ(k.(p− k))2
+ηγδηβµηαρk.(p− k)kν(p− k)σ − ηβµηαρηγσk.(p− k)(p− k)δkγ
−ηαγηβµηδρk.(p− k)kν(p− k)σ + ηβµηρσηαγk.(p− k)(p− k)δkν
+ηγδηαµηνσk.(p− k)(p− k)αkρ − ηβµηδνηγσ(p− k).k(p− k)αkρ
−ηβµηδρηνσk.(p− k)(p− k)αkγ + ηβµηδνηρσk.(p− k)kγ(p− k)α
−ηγδηβµηανk.(p− k)kρ(p− k)σ + ηβµηανηγσk.(p− k)(p− k)δkρ
+ηβµηανηδρk.(p− k)kγ(p− k)σ − ηβµηανηρσk.(p− k)kγ(p− k)δ
−ηγδηβµηρσk.(p− k)kα(p− k)ν + ηβµηδρηγσk.(p− k)kα(p− k)ν
+ηγδηβµηαρk.(p− k)(p− k)νkσ − ηβµηαρηγσk.(p− k)kδ(p− k)ν
−ηαγηβµηδρk.(p− k)(p− k)νkσ + ηαγηβµηρσk.(p− k)kδ(p− k)ν
−ηγδηβµ(p− k)α(p− k)νkρkσ + ηβµηγσkδ(p− k)αkρ(p− k)ν
+ηβµηδρkγ(p− k)αkσ(p− k)ν − ηβµηρσkγ(p− k)αkδ(p− k)ν
+ηγδηβµηνσk.(p− k)kα(p− k)ρ − ηβµηδνηγσk.(p− k)kα(p− k)ρ
−ηβµηδρηνσk.(p− k)kα(p− k)γ + ηβµηδνηρσk.(p− k)kα(p− k)γ
−ηγδηβµkαkν(p− k)ρ(p− k)σ + ηβµηγσkαkν(p− k)ρ(p− k)δ
+ηβµηδρkαkν(p− k)γ(p− k)σ − ηβµηρσkαkν(p− k)γ(p− k)δ
−ηαβηγδηµνηρσ(k.(p− k))2 + ηγδηµνηρσk.(p− k)kβ(p− k)α
−ηδρηγσηµνk.(p− k)(p− k)αkβ + ηγδηαρηβσηµν(k.(p− k))2
−ηβδηαρηγσηµν(k.(p− k))2 − ηαγηδρηβσηµν(k.(p− k))2
+ηαγηβδηµνηρσ(k.(p− k))2 − ηγδηαρηµνk.(p− k)kβ(p− k)σ
−ηαγηµνηρσk.(p− k)kβ(p− k)δ − ηγδηβσηµνk.(p+ k)(p− k)αkrho
+ηβδηγσηµνk.(p− k)kρ(p− k)α + ηδρηβσηµνk.(p− k)kγ(p− k)α
−ηβδηµνηρσk.(p− k)kγ(p− k)α + ηγδηαβηµνk.(p− k)kρ(p− k)σ
−ηαβηγσηµνk.(p− k)kρ(p− k)δ − ηαβηδρηµνk.(p− k)kγ(p− k)σ
+ηαβηµνηρσk.(p− k)kγ(p− k)δ + ηγδηµνηρσk.(p− k)kα(p− k)β
−ηδρηγσηµνk.(p− k)kα(p− k)β − ηγδηαρηµνk.(p− k)kσ(p− k)β
+ηαρηγσηµνk.(p− k)(p− k)βkδ + ηαγηδρηµνk.(p− k)kσ(p− k)β
−ηαγηρσηmuνk.(p− k)kδ(p− k)β + ηγδηµνkρkσ(p− k)α(p− k)β
−ηγσηµν(p− k)α(p− k)βkρkδ − ηδρηµν(p− k)α(p− k)βkγkσ
+ηµνηρσ(p− k)α(p− k)βkγkδ − ηγδηβσηµνk.(p− k)kα(p− k)ρ
+ηβδηγσηµνk.(p− k)kα(p− k)ρ + ηδρηβσηµνk.(p− k)kα(p− k)γ
−ηβδηµνηρσk.(p− k)kα(p− k)γ + ηγδηµνkαkβ(p− k)ρ(p− k)σ
−ηγσηµνkαkβ(p− k)ρ(p− k)δ − ηδρηµνkαkβ(p− k)σ(p− k)γ
+ηµνηρσkαkβ(p− k)γ(p− k)δ
]
.
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The computation of each integral coming from such a large expression would be very cum-
bersome. Therefore, we compute integral of most general term from which, in principle, all
the above terms could be computed by contractions.
The most general form of the integral that we need to compute is of the following form
∫
dDk
(2pi)D
1
k2(p− k)2k
akb(p− k)c(p− k)d
=
∫
dDk
(2pi)D
∫ 1
0
dx
1
[(k − px)2 + p2x(1− x)]2k
akb(p− k)c(p− k)d
=
∫
dDk
(2pi)D
∫ 1
0
dx
1
[k2 + p2x(1− x)]2 (k + px)
a(k + px)b(p(1− x)− k)c(p(1− x)− k)d
=
∫
dDk
(2pi)D
∫ 1
0
dx
1
[k2 + p2x(1− x)]2
[
(kakb + (kapb + pakb)x+ papbx2)
× (pcpd(1− x)2 − (kcpd + pckd)(1− x) + kckd)
]
= papbpcpd
∫
dDk
(2pi)D
∫ 1
0
x2(1− x)2
[k2 + p2x(1− x)]2dx + p
cpd
∫
dDk
(2pi)D
∫ 1
0
dx
(1− x)2kakb
[k2 + p2x(1− x)]2
−
∫
dDk
(2pi)D
∫ 1
0
dx
x(1− x)(kapb + kbpa)(kcpd + pckd)
[k2 + p2x(1− x)]2 +
∫
dDk
(2pi)D
∫ 1
0
dx
kakbkckd
[k2 + p2x(1− x)]2
+ papb
∫
dDk
(2pi)D
∫ 1
0
dx
x2kckd
[k2 + p2x(1− x)]2 ,
(8.26)
where D = 4− ε in dimensional regularization.
Now we compute each of the integrals separately
I1 ≡
∫
dDk
(2pi)D
∫ 1
0
dx
x2(1− x)2
[k2 + p2x(1− x)]2
=
1
(4pi)2
Γ(
ε
2
)
∫ 1
0
x2(1− x)2[p2x(1− x)]− ε2dx
=
1
(4pi)2
(
2
ε
+ ψ(0)
)[∫ 1
0
x2(1− x)2dx− ε
2
∫ 1
0
x2(1− x)2
(
ln(x(1− x)) + ln p
2
4piµ2
)
dx
]
=
1
(4pi)2
(
2
ε
+ ψ(0)
)[ 1
30
(
1− ε
2
ln
p2
4piµ2
)
+
47ε
1800
]
=⇒ I(finite)1 =
1
(4pi)2
[ψ(0)
30
− 1
30
ln
p2
4piµ2
+
47
900
]
(8.27)
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I2 ≡
∫
dDk
(2pi)D
∫ 1
0
dx
(1− x)2kakb
[k2 + p2x(1− x)]2 =
∫
dDk
(2pi)D
∫ 1
0
dx
x2kakb
[k2 + p2x(1− x)]2
=
ηab
4
∫
dDk
(2pi)D
∫ 1
0
dx
k2
[k2 + p2x(1− x)]2
=
ηab
4
[∫
dDk
(2pi)D
∫ 1
0
dx
x2
[k2 + p2x(1− x)] − p
2
∫
dDk
(2pi)D
∫ 1
0
dx
x3(1− x)
[k2 + p2x(1− x)]2
]
=
ηabp2
4
(Γ(−1 + ε
2
)− Γ(ε
2
))
[∫ 1
0
x3(1− x)dx− ε
2
∫ 1
0
x3(1− x)
(
ln
p2
4piµ2
+ ln(x(1− x))
)
dx
]
,
(8.28)
=⇒ I2 = − η
abp2
4(4pi)2
(
4
ε
+ ψ(0) + ψ(1)
)[
1
20
(
1− ε
2
ln
p2
4piµ2
)
+
13ε
300
]
=⇒ I(finite)2 = −
ηabp2
80(4pi)2
(
(ψ(0) + ψ(1))− 1
10
ln
p2
4piµ2
+
13
75
)
I3 ≡
∫
dDk
(2pi)D
∫ 1
0
dx x(1− x)k
akcpbpd + kakdpbpc + kbkcpapd + kbkdpapc
[k2 + p2x(1− x)]2
=
ηacpbpd + ηadpbpc + ηbcpapd + ηbdpapc
4
∫
dDk
(2pi)D
∫ 1
0
dx
x(1− x)k2
[k2 + p2x(1− x)]2
=
ηacpbpd + ηadpbpc + ηbcpapd + ηbdpapc
4
p2
(4pi)2
(Γ(−1 + ε
2
)− Γ(ε
2
))
×
[∫ 1
0
x2(1− x)2dx− ε
2
∫ 1
0
x2(1− x)2
(
ln
p2
4piµ2
+ ln(x(1− x))
)]
= −η
acpbpd + ηadpbpc + ηbcpapd + ηbdpapc
4
p2
(4pi)2
(
4
ε
+ ψ(0) + ψ(1)
)
×
[
1
30
(
1− ε
2
ln
p2
4piµ2
)
+
47
1800
]
=⇒ I(finite)3 = −
ηacpbpd + ηadpbpc + ηbcpapd + ηbdpapc
4
p2
(4pi)2
[ψ(0) + ψ(1)
30
− 1
15
ln
p2
4piµ2
+
47
450
]
I4 ≡
∫
dDk
(2pi)D
∫ 1
0
dx
kakbkckd
[k2 + p2x(1− x)]2
=
1
α
(ηabηcd + ηacηbd + ηadηbc)
∫
dDk
(2pi)D
∫ 1
0
dx
k4
[k2 + p2x(1− x)]2
=
1
α
[ηabηcd + ηacηbd + ηadηbc]
∫
dDk
(2pi)D
∫ 1
0
dx
[
(k2 + p2x(1− x))2 − (p2)2x2(1− x)2 − 2k2p2x(1− x)
]
[k2 + p2x(1− x)]2
I(finite)4 = −
1
α
(ηabηcd + ηacηbd + ηadηbc)
(p2)2
(4pi)2
(
ψ(0)
30
− 1
15
ln
p2
4piµ2
+
47
900
)
− 2p
4
α(4pi)2
(ηabηcd + ηacηbd + ηadηbc)
(
ψ(0) + ψ(1)
30
− 1
15
ln
p2
4piµ2
− 47
450
)
,
(8.29)
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where α is a numerical coefficient. Therefore, the net finite contribution would be
[papbpcpdI(finite)1 + (pcpdηab + papbηcd)I(finite)2 + I(finite)4 − I(finite)3 ]. (8.30)
Thus, in the effective action in place of p2 one just need to write −2 and each pa term would
be replaced by −i∂a.
Hence, we have just shown the procedure for taking into account the quantum correction
at a 4-point vertex in the effective action. We can also see that it contains non-local terms
because of the presence of ln −2
4piµ2
, where µ is the momentum scale upto which this theory is
valid in perturbative manner.
9 Soft gravitons and non-perturbative action of photons
In this section we will discuss the reason why we write down an action describing effective
interacting photons which incorporate the effect of interactions with gravitons, eq. (5.15), in
a non-perturbative manner.
9.1 Asymptotic dynamics of graviton-photon interaction
Recall that in the original theory we have the the following interaction terms in the photon-
graviton action
Lint = κhµTµν ,
Tµν = η
αβFαµFβν − 1
4
ηµνFρσF
ρσ
= ηαβ(∂αAµ − ∂µAα)(∂βAν − ∂νAβ)− 1
2
ηµν(∂ρAσ∂
ρAσ − ∂ρAσ∂σAρ).
(9.1)
Now we will go to momentum space description using Fourier transform
hˆµν(x) =
∫
d3k
(2pi)3
1√
Ek
(hˆµν(k)e
ik.x + hˆ†µν(k)e
−ik.x)
Aˆµ(x) =
∫
d3p
(2pi)3
1√
Ep
(aˆµ(p)e
ip.x + aˆ†µ(p)e
−ip.x),
(9.2)
where Ep = |~p|.
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This leads to the following expression for stress-energy tensor
Tˆµν(x) =
∫
d3p d3q
(2pi)3
√
EpEq
[
ηαβ(ipαaˆµ(p)e
ip.x − ipαaˆ†µ(p)e−ip.x − ipµaˆα(p)eip.x + ipµaˆ†α(p)e−ip.x)
× (iqβ aˆν(q)eiq.x − iqβ)aˆ†ν(q)e−iq.x − iqν aˆβ(q)eiq.x + iqν aˆ†β(q)e−iq.x)
− 1
2
ηµν
{
(ipρaˆσ(p)e
ip.x − ipρaˆ†σ(p)e−ip.x)(iqρaˆσeiq.x − iqρaˆσ†(q)e−iq.x)
− (ipρaˆσ(p)eip.x − ipρaˆ†σ(p)e−ip.x)(iqσaˆρeiq.x − iqσaˆρ†(q)e−iq.x)
}]
=
∫
d3p d3q
(2pi)3
√
EpEq
[{
− p.qaˆµ(p)aˆν(q)ei(p+q).x + p.qaˆµ(p)aˆ†ν(q)ei(p−q).x + qν aˆµ(p)p.aˆ(q)ei(p+q).x
− qν aˆµ(p)p.aˆ†(q)ei(p−q).x + p.qaˆ†µ(p)aˆν(q)ei(q−p).x + p.qaˆ†µ(p)aˆ†ν(q)e−i(p+q).x
−qν aˆ†µ(p)p.aˆ(q)ei(q−p).x + qν aˆ†µ(p)p.aˆ†(q)e−i(p+q).x + pµaˆν(q)q.aˆ(p)ei(p+q).x − pµaˆ(p).qaˆ†ν(q)ei(p−q).x
−qνpµaˆ(p).aˆ(q)ei(p−q).x + pµqν aˆ(p).aˆ†(q)ei(p−q).x − pµaˆν(q)aˆ†(p).qei(q−p).x + pµaˆ†ν(q)q.aˆ†(p)e−i(p+q).x
+ qνpµaˆ
†(p).aˆ(q)ei(q−p).x − pµqν aˆ†(p).aˆ†(q)e−i(p+q).x
}
−1
2
ηµν
{
− p.qaˆ(p).aˆ(q)ei(p+q).x + p.qaˆ(p).aˆ†(q)ei(p−q).x + p.qaˆ†(p).aˆ(q)ei(q−p).x
− p.qaˆ†(p).aˆ†(q)e−i(p+q).x + q.aˆ(p)p.aˆ(q)ei(p+q).x − q.aˆ(p)p.aˆ†(q)ei(p−q).x
− q.aˆ†(p)p.aˆ(q)ei(q−p).x − q.aˆ†(p)p.aˆ†(q)e−i(p+q).x
}]
.
(9.3)
This allows writing the interacting action corresponding to (9.1) as
Sint =
∫
d4x
∫
d3p d3q d3k
(2pi)3
√
(2pi)3
1√
EpEqEk[{
− p.qhˆµν(k)aˆµ(p)aˆν(q)ei(p+q+k).x + p.qhˆµν(k)aˆµ(p)aˆ†ν(q)ei(p−q+k).x
+ hˆµν(k)qν aˆµ(p)p.aˆ(q)e
i(p+q+k).x − hˆµν(k)qν aˆµ(p)p.aˆ†(q)ei(p−q+k).x
+ p.qhˆµν(k)aˆ†µ(p)aˆν(q)e
i(q−p+k).x + p.qhˆµν(k)aˆ†µ(p)aˆ
†
ν(q)e
i(k−p−q).x
− hˆµν(k)qν aˆ†µ(p)p.aˆ(q)ei(q−p+k).x + hˆµν(k)qν aˆ†µ(p)p.aˆ†(q)ei(k−p−q).x
+ hˆµν(k)pµq.aˆ(p)aˆν(q)e
i(p+q+k).x − hˆµν(k)pµq.aˆ(p)aˆ†ν(q)ei(p−q+k).x
− hˆµν(k)qνpµaˆ(p).aˆ(q)ei(p+q+k).x + hˆµν(k)pµqν aˆ(p).aˆ†(q)ei(p−q+k).x
− hˆµν(k)pµq.aˆ†(p)aˆν(q)ei(q−p+k).x + hˆµν(k)pµq.aˆ†(p)aˆ†ν(q)ei(k−p−q).x
+ hˆµν(k)qνpµaˆ
†(p).aˆ(q)ei(q−p+k).x − hˆµν(k)pµqν aˆ†(p).aˆ†(q)ei(k−p−q).x
− p.qhˆµν†(k)aˆµ(p)aˆν(q)ei(p+q−k).x + p.qhˆµν†(k)aˆµ(p)aˆ†ν(q)ei(p−q−k).x
+ hˆµν†(k)qν aˆµ(p)p.aˆ(q)ei(p+q−k).x − hˆµν†(k)qν aˆµ(p)p.aˆ†(q)ei(p−q−k).x
+ p.qhˆµν†(k)aˆ†µ(p)aˆν(q)e
i(q−p−k).x + p.qhˆµν†(k)aˆ†µ(p)aˆ
†
ν(q)e
−i(p+q+k).x
− hˆµν†(k)qν aˆ†µ(p)p.aˆ(q)ei(q−p−k).x + hˆµν†(k)qν aˆ†µ(p)p.aˆ†(q)e−i(p+q+k).x
(9.4)
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+ hˆµν†(k)pµq.aˆ(p)aˆν(q)ei(p+q−k).x − hˆµν†(k)pµq.aˆ(p)aˆ†ν(q)ei(p−q−k).x
− hˆµν†(k)qνpµaˆ(p).aˆ(q)ei(p+q−k).x + hˆµν†(k)pµqν aˆ(p).aˆ†(q)ei(p−q−k).x
− hˆµν†(k)pµq.aˆ†(p)aˆν(q)ei(q−p−k).x + hˆµν†(k)pµq.aˆ†(p)aˆ†ν(q)e−i(p+q+k).x
+ hˆµν†(k)qνpµaˆ†(p).aˆ(q)ei(q−p−k).x − hˆµν†(k)pµqν aˆ†(p).aˆ†(q)e−i(p+q+k).x
}
−1
2
ηµν
{
− p.qhˆµν(k)aˆ(p).aˆ(q)ei(p+q+k).x + p.qhˆµν(k)aˆ(p).aˆ†(q)ei(p−q+k).x
+ p.qhˆµν(k)aˆ†(p).aˆ(q)ei(q−p+k).x − p.qhˆµν(k)aˆ†(p).aˆ†(q)ei(k−p−q).x
+ hˆµν(k)q.aˆ(p)p.aˆ(q)ei(p+q+k).x − hˆµν(k)q.aˆ(p)p.aˆ†(q)ei(p−q+k).x
− hˆµν(k)q.aˆ†(p)p.aˆ(q)ei(q−p+k).x − hˆµν(k)q.aˆ†(p)p.aˆ†(q)ei(k−p−q).x
− p.qhˆµν†(k)aˆ(p).aˆ(q)ei(p+q−k).x + p.qhˆµν†(k)aˆ(p).aˆ†(q)ei(p−q−k).x
+ p.qhˆµν†(k)aˆ†(p).aˆ(q)ei(q−p−k).x − p.qhˆµν†(k)aˆ†(p).aˆ†(q)e−i(p+q+k).x
+ hˆµν†(k)q.aˆ(p)p.aˆ(q)ei(p+q−k).x − hˆµν†(k)q.aˆ(p)p.aˆ†(q)ei(p−q−k).x
− hˆµν†(k)q.aˆ†(p)p.aˆ(q)ei(q−p−k).x − hˆµν†(k)q.aˆ†(p)p.aˆ†(q)e−i(p+q+k).x
}]
,
(9.5)
where
hˆµν(k) =
∑
λ
hˆ(k, λ)εµν(λ, k),
aˆµ(p) =
∑
λ
aˆ(p, λ)εµ(λ, p).
(9.6)
Here εµν(λ, k) is the spin-2 polarization tensor, εµ(p, λ) is spin-1 polarization vector.
In the above expression of Sint, we can classify the following terms
i) ei(p+q+k).x, e−i(p+q+k).x
ii) ei(p−q+k).x, ei(q−p−k).x
iii) ei(k−p−q).x, ei(p+q−k).x
iv) ei(q−p+k).x, ei(p−q−k).x,
(9.7)
which produce corresponding set of dirac-delta functions after integration over spacetime
i) δ(4)(p+ q + k)
ii) δ(4)(p− q + k)
iii) δ(4)(p+ q − k)
iv) δ(4)(p− q − k).
(9.8)
After the
∫
d3q integration we have the following four kinds of terms
i) δ(Ep + Ek + Ep+k)
ii) δ(Ep + Ek − Ep+k)
iii) δ(Ep − Ek + Ep−k)
iv) δ(Ep − Ek − Ep−k).
(9.9)
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(9.13)
Figure 3: photon self energy diagram in 1-loop
The first class of terms contribute only if
Ep + Ek + Ep+k = 0 =⇒ |~p|+ |~k|+ |~p+ ~k| = 0. (9.10)
This is only possible iff ~p = 0 = ~k which can only come from soft-photons and soft-gravitons.
The second class of terms would contribute iff
Ep + Ek = Ep+k =⇒ |~p|+ |~k| = |~p+ ~k| =⇒ |~p||~k| = 2~p.~k, (9.11)
i.e., when ~p = α~k =⇒ ~q = (1 + α)~k, which implies that photons and gravitons are co-linear.
The third and fourth class terms can be analyzed in similar fashion. This implies that
interaction term can’t be switched off at past and future infinite time limit [78].
9.2 Interaction vertex function∫
Tµν(x)h
µν(x)d4x =
∫
d4x
[
ηαβ(∂αAµ − ∂µAα)(∂βAν − ∂νAβ)− 1
2
ηµν(∂ρAσ∂
ρAσ − ∂ρAσ∂σAρ)
]
hµν
=
∫
d4x
∫
d4p d4q d4k
(2pi)12
[
ηαβ(ipαAµ(p)− ipµAα(p))(iqβAν(q)− iqνAβ(q))
− 1
2
ηµν(−p.qA(p).A(q) + p.A(q) + p.A(q)q.A(p))
]
hµν(k)ei(p+q+k).x
=
∫
d4p d4q d4k
(2pi)8
δ(4)(p+ q + k)
[
(−p.qAµ(p)Aν(q) + p.A(q)qνAµ(p) + q.A(p)pµAν(q)
− pµqνA(p).A(q))hµν(k)− 1
2
ηµνh
µν(k)(p.A(q)q.A(p)− p.qA(p).A(q))
]
=
∫
d4p d4q d4k
(2pi)8
δ(4)(p+ q + k)hµν(k)Aρ(p)Aσ(q)Γµνρσ(k, p, q).
Γµνρσ(k, p, q) =
{
− p.qηµρηνσ + pσqνηµρ + qρpµηνσ − pµqνηρσ − 1
2
ηµν(pσqρ − p.qηρσ)
}
,
(9.12)
where Γµνρσ(k, p, q) is the interaction vertex.
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9.3 Photon mass renormalization
In fig. 3 we have shown self-energy diagram for photons upto 1-loop is shown. It represents
∫
d4q
(2pi)4
Gµνρσ(q)Gηδ(p− q)Γµναη(−q, p, q − p)Γρσδβ(q, p− q,−p)
=
∫
d4q
(2pi)4
1
q2((p− q)2 + µ2)(ηµρηνσ + ηµσηνρ − ηµνηρσ)ηηδ
× Γµναη(−q, p, q − p)Γρσδβ(q, p− q,−p)
= i
∫
d4q
(2pi)4
1
q2((p− q)2 + µ2)(ηµρηνσ + ηµσηνρ − ηµνηρσ)ηηδ{
− p.(q − p)ηµαηνη + pη(q − p)νηµα + pµ(q − p)αηνη − pµ(q − p)νηαη
− 1
2
ηµν(pη(q − p)α − p.(q − p)ηηα)
}
×
{
− p.(q − p)ηδρηβσ + (q − p)βpσηρδ + (q − p)ρpδηβσ − (q − p)ρpσηδβ
− 1
2
ηρσ((q − p)βpδ − p.(q − p)ηβδ)
}
,
(9.14)
where µ is photon mass regulator. After some algebraic manipulations the above expression
can be seen to be
∫
d4q
(2pi)4
∫ 1
0
dx
1
[(q − px)2 + p2x(1− x) + µ2x]2
{
3(p.(q − p))2ηαβ − 2p.(q − p)pα(q − p)β
− 2p.(q − p)pβ(q − p)α + 2p2(q − p)α(q − p)β + 2p2(q − p)2ηαβ − 2(q − p)2pαpβ
}
=
∫
d4q
(2pi)4
∫ 1
0
dx
1
[(q − px)2 + p2x(1− x) + µ2x]2
{
3(p.(q + px− p))2 − 2p.(−p+ q + px)pα(q + px− p)β
− 2p.(q + px− p)pβ(q + px+ p)α + 2p2(q + px− p)α(q + px− p)β + 2p2(q + px− p)2ηαβ
− 2(q + px− p)2pαpβ
}
,
(9.15)
which can be further simplified into the following form
∫
d4q
(2pi)4
∫ 1
0
dx
1
[q2 + p2x(1− x) + µ2x]2
×
(
13
4
p2q2ηαβ + 5p4(x− 1)2ηαβ − 2p2pαpβ(x− 1)2 − 2p.q(pαqβ + pβqα)
)
=
∫
d4q
(2pi)4
∫ 1
0
dx
1
[q2 + p2x(1− x) + µ2x]2
×
(
13
4
p2q2ηαβ + 5p4(x− 1)2ηαβ − 2p2pαpβ(x− 1)2 − 4pαpβq2
)
.
(9.16)
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This expression will get modified for the case of massive gravitons to∫
d4q
(2pi)4
∫ 1
0
dx
1
[q2 + p2x(1− x) + µ2x]2 +m2(1− x)
×
(
13
4
p2q2ηαβ + 5p4(x− 1)2ηαβ − 2p2pαpβ(x− 1)2 − 4pαpβq2
), (9.17)
where the first and last term do not have IR divergence and hence, can be removed. The
remaining pieces contribute as∫
d4q
(2pi)4
∫ 1
0
dx
1
[q2 + p2x(1− x) + µ2x]2 +m2(1− x)(5p
4(x− 1)2ηαβ − 2p2pαpβ(x− 1)2)
=
1
(4pi)2
(
2
ε
+ ψ(1)
)[5p4
3
ηαβ − 2p
2pαpβ
3
− ε
2
∫ 1
0
dx(x− 1)2 ln(p2x(1− x) + µ2x+m2(1− x))× (5p4ηαβ − 2p2pαpβ)
]
.
(9.18)
The coefficient of ε term, which is an x-integral, gives
p6 − 3µ2p4 + (3m2µ2 − 3µ4)p2 − µ6 + 3m2µ4 − 3m4µ2 +m6
p6
ln
m2
µ2
+
1
3
ln
m2
4piΛ2
+IR-finite terms.
(9.19)
This shows that in the µ→ 0 and m→ 0 limit that integral gives IR-divergence which could
be attributed to the soft gravitons, where Λ is effective momentum scale of the theory. We
have seen that during photon-mass renormalization from photons ‘effective action’ eq. (8.11)
that such IR term did not arise, because during the process of integrating out the graviton
degrees of freedom the contribution of the soft gravitons [79–83] are taken into account leading
to a finite answer, apart from a UV-divergent term. Hence, the interacting action for photons,
described earlier non-perturbatively, captures all kinds of interactions between gravitons and
photons. Therefore, the treatment developed here is non-perturbative in nature.
10 Conclusion
The effective action for photons, developed here, non-perturbatively captures all possible
interactions between photons and gravitons at the quantum level. Furthermore, it is shown
that through weak measurement protocol one can enhance the strength of the scattering
amplitudes or cross-sections of the scattering process between multiple photons which would
make it possible to be measured in the laboratory. Polarization measurement of photons
will also be able to capture this interaction, an idea also suggested in [84, 85]. Though,
S-matrix elements of photon-graviton interaction were calculated before in [86–88], here we
have used a different approach in which instead of measuring gravitons directly, inferences
can be drawn from measurements on photon states, a task comparatively easier to achieve in
current experimental scenarois.
We have also shown how Maxwell’s equations get modified in the presence of gravity.
This can capture the properties of the source of GW, such as compact objects, binary mergers,
in terms of their stress-energy tensors. Furthermore, the propagation of longitudinal polar-
ization degree of light in the presence of GW is brought out, a feature absent in well-known
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Maxwell’s equations in vacuum. Vacuum birefringence property [89, 89–91] is seen to emerge
from the modified Maxwell’s equations where polarizability and magnetization non-linearly
depend on the electric and magnetic fields.
We also consistently compared results due to gravitons from GR with massive gravity
theory which is an IR modified version of GR. This will put a bound on the mass of gravitons,
and by studying graviton-photon interaction using photon’s effective action in (5.3) one can
suitably modify IR domain of GR. This will have implications to our understanding of Dark
energy [92–94] and expansion of the Universe [93, 95, 96].
Finally, modified dispersion of photons has been computed by taking into account one-
loop quantum corrections both in case of massive and massless gravitons. This dispersion is
shown to be scale dependent (these scales are basically Planck length scale or Planck mass and
graviton mass scale), coming from the presence of non-local terms in the quantum effective
action at the quadratic level. This dispersion also shows presence of longitudinal degree of
freedom for interacting photons, a feature which could also be seen in a different context from
the gauge symmetry breaking of on-shell equations (5.11, 5.13) in presence of classical source
T (c)µν , although the effective action (5.3) is gauge invariant.
The method of integrating out the graviton degrees of freedom and writing down an
effective action for photon degrees of freedom is a very useful technique particularly in 2 + 1-
dimensional gravity theories coupled to matter. In 2 + 1-dimensional gravity, it is quite
well-known that there are no on-shell graviton degrees of freedom and hence there would
not be any external graviton legs in any scattering processes and presence of soft-divergences
coming from off-shell graviton (3 degrees of freedom) loops can completely be avoided through
this non-perturbative technique shown earlier.
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